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A COSMIC RAY INCREASE RELATED TO SOLAR ACTIVITY! 


J. KatzMan 


ABSTRACT 


An increase in the intensity of cosmic ray particles of minimum momentum at 
Ottawa, Canada, of 4.510% ev/c was observed with telescopes of solid angles 
11.5X1074 and 26.0X107* steradians with increase of solar activity. A large 
increase in cosmic ray activity for the period September 1956 to February 1957 
was observed to accompany a large and sustained increase in solar activity as 
determined by means of the critical frequency of the F-2 layer. 


INTRODUCTION 

The cosmic ray intensity in the atmosphere of the earth changes with time 
and is related in some complicated manner to the solar activity. Also the 
variations are greatest for particles of smallest rigidities. In the day to day 
variations, the nucleon component shows a high negative correlation with 
atmospheric pressure (Simpson 1957) but for the meson component the correla- 
tion is not consistently high. This is due to the fact that the meson is radio- 
active. 

Telescopes of small solid angle follow more truly changes in the primary 
spectrum than telescopes of large solid angle, since the change of mass of air 
with decreasing zenith angle can be neglected. If an absorber of sufficient 
mass is used then particles of low energy will not be detected. This eliminates 
particles that are greatly influenced by changes in the magnetic field sur- 
rounding the earth and by changes in atmospheric conditions. 

An experiment was set up at Ottawa, Canada (45.4° N. lat., 75.6° W. long.) 
to study the variations in intensity of particles coming from a small portion of 
the sky by means of very small solid angle telescopes with 96 inches of lead 
absorber. The minimum energy of a primary particle from which a secondary 
can be detected in such a telescope is about 7 Bev and the average effective 
primary energy would be greater than 30 Bev. 


EXPERIMENTAL ARRANGEMENT 
Four trays each containing four brass Geiger counters of 1 inch outside 


‘Manuscript received March 20, 1958. 
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diameter and approximately 4 inches sensitive length were arranged to make 
two telescopes of three trays each. The trays are held in a welded angle-iron 
rack capable of supporting a large mass of lead on an area 12X12 inches 
(Fig. 1). Trays can be placed at any of the positions A, B, C, D, E and tele- 
scopes ADE, BDE, CDE are labelled No. 1, No. 2, No. 3. The solid angles 
of these telescopes are 6.5X10~‘4, 11.5107‘, 26.0X10~* steradians respec- 
tively. Triple coincidences only are recorded on a 20-pen Esterline-Angus 
recorder and on electromechanical registers that are read every day. The 
electronics are composed of standard units that are in use at the Cosmic Ray 
Laboratory at Ottawa and have proved dependable over a period of eight 
vears. All pulses are checked once a week and the high voltage is checked every 
day of the year. 

The experiment was assembled in November 1954 with trays placed in 
positions B, C, D, E, with 4 inches of lead over E and 4 inches around three 
sides. The absorber was increased to 10, 20, 48, and finally 96 inches of lead. 
Thus for the period 21 December 1954 to 21 December 1955 telescopes No. 2 
and No. 3 were operated with 96 inches of lead. The tray in position D was 
displaced to obtain the accidental and shower rate, which was found to be 
0.02 counts per hour for a period of 30 days. In the latter part of January 1956 
8 inches of lead was taken from below position B and placed above, and the 
tray in C was placed in position A. Triple coincidences were recorded for tele- 
scopes No. 1 and No. 2 for the period 25 January 1956 to 19 February 1957 
when the tray at A was replaced in position C. The experiment was stopped 
9 July 1957 to make necessary changes. 


RESULTS 

The monthly mean uncorrected rates for telescopes No. 1, No. 2, and No. 3, 
together with the critical frequency of the F-2 layer (Mc/sec), the mean daily 
planetary index K,, the flux of the 10.7 cm radiation from the corona of the 
sun, and the mean monthly sunspot numbers R are shown in Table I and Fig. 2. 
It can be seen that for the vear 1955 there is no correlation between the sun’s 
activity and the rate of the telescopes No. 2 and No. 3 that were in operation, 
whereas the correlation between telescope No. 2 and the critical frequency of 
the F-2 layer for the period February 1956 to July 1957 when the experiment 
was stopped is remarkable. However, no correlation exists between the rate 


of the narrower angle telescope No. 1 and foF-2. 


DISCUSSION OF RESULTS 


It has been recognized for some time that terrestrial effects such as magnetic 
disturbances, the aurora polaris, ionospheric storms, radio propagation, sudden 
increases in cosmic ray intensities, and other terrestrial phenomena arise as the 
result of electromagnetic or corpuscular radiations emitted by an active sun. 
The ionization of the F-2 layer is known to change with the 11-year solar cycle. 
Bartels (1950) demonstrated a 27-day variation in the noon values of the 
critical frequency of the F-2 layer for Huancayo, Peru. Covington (1957) 
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No. 3 No. 2 
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(1) Critical frequency of the F-2 layer in Mc,/sec. Data supplied by Defence Research Telecommunics 
Establishment, Detence Research Board, Ottawa, Ontario, Canada. 

(2) Geomagnetic planetary index, daily average for the month. 

(3) Solar flux in watts’m 
Research Council, Ottawa, Ontario, Canada. 
(4) Average rate for the first 19 days of the month. 
(5) Average rate for the last 8 days of the month. 
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found that the solar noise (10.7 cm radiation) varies with the solar cycle and 
considers that the 10.7 cm radio wave may be an index of solar ultraviolet 
radiation. If the ionization of the F-2 layer is caused by ultraviolet radiation 
from the sun, it would be expected to vary as the flux of the 10.7 cm radiation. 
The agreement is very good up to February 1957 (Fig. 2), when the sunspot 
number and the 10.7 cm flux increased sharply but the critical frequency of the 
F-2 layer dropped just as sharply. Hence, if the 10.7 cm flux is an index of the 
solar ultraviolet radiation, then the ionization of the F-2 layer for short 
periods in a solar cycle must be caused by some agent other than the ultra- 
violet. Davies (1956) and Landmark (1956) found evidence of a corpuscular 
emission from the sun during the solar eclipse of 30 June 1954. If changes in the 
critical frequency were due to ultraviolet radiation only, then the world-wide 
fluctuations would be in unison; this, however, is not the case (Table II). It 
is to be noted that the greatest increase was at Ottawa. Hence there exists an 
agent other than the ultraviolet radiation that causes ionization of the F-2 
layer over Ottawa, Canada. 


TABLE II 
THE MEAN CRITICAL FREQUENCY OF THE F-2 LAYER IN MC/SEC 





June 1953 June 1956 Geomagnetic 
to to — - -— - — 
Station May 1954 May 1957 % Increase Latitude Longitude 
Resolute 3.53 5.88 67.0 82.9° N 289 3° 
Churchill* 3.79 6.34 67.0 68.7° N. 322 .7° 
Ottawa 3.68 7.62 110.0 56.8" N. 351 .4° 
White Sands 1.47 8.28 85.0 41.2" N 316.5° 
Huancayo 5.95 9.81 65.0 0:6°'S 353:8° 





*Average for 9 months only; December, January, and February data are not complete for 1953-1954 


Telescopes No. 1 and No. 2 do not show the same increase in intensity. The 
two telescopes differ in only two respects. 

(1) The solid angle of No. 2 is bigger than that of No. 1 by approximately 
a factor two and both telescopes are of extremely small solid angle. 

(2) There were 8 inches of lead above the top tray of No. 2 and no lead 
above No. 1. 

To determine whether the lead above No. 2 had any effect on the rate the 
lead was replaced below the top tray of No. 2 on 8 February 1957. The rate 
for No. 2 was 1.23+0.07 counts per hour for 10 days before 8 February 1957 
and 1.03+0.07 for 10 days after the lead was replaced below the top tray. The 
rates for No. 1 for the same periods were 0.35+0.04 and 0.30+0.04. Hence 
the lead above the top tray of No. 2 did not in any manner contribute to the 


observed increase. 
The positive correlation that has been found cannot be attributed to par- 


ticles arriving directly from the sun if they are of the same energy as those 
emitted from the sun during the solar flare of 23 February 1956. Telescopes 
No. Land No. 2 were in operation at that time. There was no indication what- 
soever of an increase in intensity as monitored by these telescopes, whereas the 
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neutron monitor showed a very large increase and another telescope with 15 
inches of lead showed a small increase (Rose and Katzman 1956). 

Forbush (1954) showed the existence of a negative correlation between the 
sunspot numbers and the cosmic ray intensity of the low end of the energy 
spectrum for the years 1937 to 1952. This is also true for the present solar cycle 
(Rose and Fenton 1958). However, telescopes No. 2 and No. 3 showed an 
increase in intensity with increase of solar activity (Table III). 


TABLE III 
COUNTS PER HOUR 


Feb.—July Feb.—July % 
1955 1957 Increase 
Telescope No. 2 0.59 0.69 ET 
Telescope No. 3 1.50 1.73 11.5 
Barometer, mb 1002.25 1002.86 





Morrison (1956) has suggested that clouds of ionized gas move outward from 
the sun carrying magnetic fields which would shield incident galactic cosmic 
ray particles from the earth, and that this accounts for the observed decrease 
in cosmic ray intensity with increased activity of the sun. Nagashima (1951) 
postulated that a geoelectric field may be responsible for the decrease. Neither 
of these mechanisms nor the geocentric model as developed by Parker (1956) 
can explain the observed increase of the cosmic ray intensity with the sun's 
activity, if the cosmic ray spectrum is constant. 

Alfvén (1950) has shown that the periodic orbits of charged particles in the 
solar magnetic field can be affected by storm-producing streams emanating 
from the sun. Thus particles in these orbits if accelerated would leave the 
periodic orbits and enter orbits that come from infinity and strike the earth 
thus causing an increase in intensity. However, this does not explain the 
anomaly that the telescope of smaller solid angle showed no increase. Officer 
and Eccles (1955) also found an anomaly with zenith angles less than five 
degrees in their study of the penetrating component of extensive air showers. 
It is difficult at present to understand how so small a difference in solid angle 
can shift the acceptance of particles to a high energy in the spectrum. However, 
if this effect is not fortuitous it points to the fact that as the zenith is ap- 
proached the energy of the particles rises steeply and therefore is not influenced 
by magnetic fields surrounding the earth. It also indicates that the active sun 
in some manner caused an increase in particles of a definite energy band for 


a short period (Neher 1957). 


CONCLUSIONS 


An increase in cosmic ray intensity with increase in solar activity has been 
indicated. It will be necessary to explore the phenomenon in greater detail 
before any definite conclusions can be drawn as regards the mechanism of the 
increase in intensity. The experiment is being continued and expanded so that 
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the variation of cosmic ray intensity very close to the zenith can be studied 
more fully. 
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CALCULATION OF THE THERMAL CONDUCTIVITY OF 
POROUS MEDIA! 


WILLIAM WOoobDsIDE 


ABSTRACT 

The problem of determining the effective thermal conductivities of porous and 
other composite materials from the conductivities and volume fractions of their 
constituents is examined. An approximate equation is derived for the case of a 
cubic lattice of identical spherical particles in a medium having properties 
different from those of the particles. This equation is applied to the calculation 
of the thermal conductivity of snow at different densities in the range 0.10 to 
0.48 gm/cc. The effect of water vapor diffusion in snow under a temperature 
gradient is taken into account by adding a latent heat term to the conductivity 
value for dry air. Conductivity values for snow, calculated in this manner, are 
found to agree satisfactorily with experimental data. An equation due to Russell 
is also shown to give conductivity values for several cellular thermal insulating 
materials which are in good agreement with experimental values. 


INTRODUCTION 


Although gases are the poorest heat conductors, by themselves they do not 
constitute the best heat insulators. If the linear dimensions of a gas-filled 
space exceed approximately 1 cm, convection makes a large contribution 
to the total heat transfer across the space. At high temperatures radiation 
also becomes important. The best heat insulators are therefore solids which 
contain a high percentage of gas (usually air) in such a way that the individual 
gas spaces are small enough that convective heat transfer across them is 
negligible. These include powders and porous and fibrous materials, e.g. silica 
aerogel, expanded cork, and mineral wool. 

It would be advantageous if, in the design and manufacture of thermal 
insulating materials, the effective thermal conductivity of such composite 
gas-solid materials could be calculated from the properties and volume fractions 
of the component substances. Unfortunately the conductivity of a composite 
material of known composition cannot be arrived at by any simple law of 
addition of the conductivities of its components. 

In the present paper, an equation due to Russell (1935) is applied to several 
dry cellular insulating materials. A further equation is developed for the 
thermal conductivity of a medium consisting of a gas in which uniform solid 
spherical particles are distributed. This is applied to the calculation of the 
conductivity of snow at different densities, taking into account the heat 
transfer through snow by vapor diffusion. 


PREVIOUS WORK 
Gemant (1950) derived a formula for the thermal conductivity of moist 


soils in terms of moisture content, thermal conductivity of water, and the 


‘Manuscript received February 24, 1958. 
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solid particles composing the soil. He considered a spherical grain of soil in 
contact with six neighbors, i.e. a cubic lattice of uniform spheres. This lattice 
leads to a porosity value of 47.6%. The closest possible packing arrangement 
for uniform spheres gives a porosity value of 26%. Porosity values for sandy 
soils lie between these two extremes, averaging approximately 37%. Gemant 
assumed the moisture to occupy wedge-shaped rings around the contact points 
between the spheres, the volume of these rings varying with the moisture 
content. He then calculated the resistance to heat flow of a unit cube sur- 
rounding the soil grain, water rings, and air spaces, assuming parallel heat 
flow and neglecting the thermal resistance of the air spaces. The resulting 
thermal conductivities of several soils with moisture contents ranging from 5 
to 25% by volume showed surprisingly good agreement with experimental 
values taken from the literature. Recently Webb (1956) has criticized the 
neglect of the air-phase resistance and de Vries (1956) has criticized the 
assumption of parallel heat flow in Gemant’s development. Both criticisms 
are of course valid, yet the close agreement between calculated and experi- 
mental conductivities encourages the application of similar approximate 
methods to other materials. 

Russell (1935), in connection with the thermal conductivity of refractory 
brick, has derived the effective thermal conductivity of a dry porous material 
from the properties of its component gas and solid for a distribution of uniform 
pores of cubical shape arranged in a simple cubic lattice. He assumed parallel 
heat flow and neglected convection across the pores. Russell's equation is 
(1) ince ei 

k (k,/k,;)P*°+1—P”* 
where the porosity P = (ps—p)/(ps—p,) and0 < P < 1. k, ky, and k, are the 
thermal conductivities of the composite, gas, and solid respectively, and p, 
po, and p, are the densities of the composite, gas, and solid respectively. 

Maxwell (1873) and Rayleigh (1892) derived by rigorous analysis a formula 
for the electrical conductivity of a two-phase medium consisting of uniform 
spheres of one material arranged in cubic array in the second material. This 
has been extended by Burger (1915) to the case of ellipsoidal particles, and 
generalized by Eucken (1932) for the case of a multiple medium. De Vries 
(1952) has successfully applied this theory to the thermal conductivity of wet 
soils, i.e., three phases: air, water, and solid. 

For the case of pores distributed in a solid the original formula of Maxwell 
and Rayleigh reads 


k ee 1— (1—bk,/k;s)P 


(9 = 
\<? k, 1+(6—1)P 


where b = 3k,/(2k;+k,), and porosity P = (p;—p)/(ps—p,). Eucken assumes 
that this equation is valid for values of P as high as 0.5 with good approxi- 
mation. This equation has also been derived by Kerner (1956). 


ANALYSIS 


To determine the thermal conductivity of a medium consisting of a cubic 
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lattice of uniform solid spherical particles in a gas, the following assumptions 
are made: (i) the gas spaces are small enough that heat transfer by convection 
may be neglected; and (ii) the isotherms are planes perpendicular to the direc- 
tion of heat flow. 

The second assumption is only valid when k, = k,. The larger the value of 
the ratio k,/k, the greater will be the errors introduced by this assumption. 
Thus the equation developed should give best results for materials whose 
values of k,/k, are close to unity. 

Fig. 1 is a diagram of a unit cube containing one-eighth of a sphere. The 
general case is considered in that the spheres are not assumed to be in contact. 
For heat conduction purposes, this is a representative ‘‘atom’’ of a material 
consisting of uniform solid spheres distributed in a cubic lattice in a gas. Thus 
the thermal resistance of this cube to heat conduction in the direction shown 
equals the thermal resistivity of the composite material. 


HEAT. FLOW 


| DIRECTION OF 





Fic. 1. Representative ‘‘atom” of a material consisting of uniform solid spheres distributed 
ina cubic lattice in a gas, used for calculation of thermal conductivity. 


Let Rk denote the radius of the solid sphere. R will be an equivalent radius in 
the case of materials composed of nonuniform and/or nonspherical particles, 
e.g. snow. If S represents the ratio of volume of solid to total volume, then 

S=1-P = rk'/6 
where 0 < R < 1, and therefore 

LC 1/3 
R= (6S/z) 

where P is the porosity. The maximum value of R is unity, and hence the 
equation to be developed will only be applicable to granular materials having 
porosities greater than or equal to 47.6%. The value of S may be calculated 
from p, ps, and py, since 

S = (p—py)/(0s— Po): 


In Fig. 1 the thermal resistance of the shaded layer composed wholly of gas 
is (1—R)/k,. The thermal resistance of the composite gas-solid layer of thick- 
ness dx is, by the second assumption, 
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kya /4+k,(1— mr’ /4) * 
The total thermal resistance of the cube is therefore 


a 
k k, o kywr’/4+k,(1—mr°/4) ° 
Since r? = R?—x*? and R = (6S/r)"%, this results in 


@) ky _ ey" = in( + ‘) | 
k ™ a a—1 
where 
o-[1tsezchesar| SEE. 0< sone, 
It may be shown that when p = py, i.e. when S = 1, k = ky, and also that 
when p = py, i.e. when S = 0, k = ky. Thus the thermal conductivity k of a 
material of known density may be calculated if the densities and conduc- 
tivities of its components are known and if it may be approximated by the 
above model. This formula may also be used to calculate the dielectric constant, 
electrical conductivity, and magnetic permeability of composite media. 

If R = (6S/r)'* = 1 is substituted into equation (3), the resulting equation 
is identical with the one derived and used by Webb (1956) for the calculation 
of the conductivity of dry soil. If the subscripts s and g are interchanged in 
equation (3) and the equation rearranged, it becomes the equation for the 
conductivity of a material consisting of uniform spherical pores distributed 
in a cubic lattice in a solid. 

There are therefore three equations for the calculation of the thermal con- 
ductivity of a contingent medium (gas or solid) in which uniform particles 
(solid or gas) are distributed. 


APPLICATION TO CELLULAR MATERIALS 


Of the above equations, only equation (1) permits the porosity P to have 
any value between zero and unity. Equation (3) when applied to cellular 
materials (subscripts s and g interchanged) limits P to the range 0 < P < 0.52, 
and equation (2) to the range 0 < P < 0.50. Hence only equation (1) may be 
applied to the prediction of k for cellular materials since most cellular materials 
have porosities higher than 0.52. The conductivities of six materials calculated 
from equation (1) are compared with the experimental values, in Table I. 

Pratt and Ball (1956) measured the thermal conductivity of a steel shot 
aggregate concrete and compared the measured value (13.8 B.t.u. in./hr ft? °F) 
with the theoretical estimate given by Maxwell’s formula (equation (2)) above. 
The value of P, i.e. the fraction of the total volume occupied by the steel shot, 
was given as 0.56 and the calculated value of k was 11.8 B.t.u. in./hr ft? °F. 
The conductivity of this concrete may also be calculated from Russell's 
equation (1) where k, now represents the conductivity of steel. This results 
in a value for & of 13.85 B.t.u. in./hr ft? °F in agreement with the experimental 
value. The value of k,/k, for this material is 0.0082. 
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TABLE I 
COMPARISON OF CALCULATED AND EXPERIMENTAL THERMAL CONDUCTIVITIES 





Measured 








Cale. cond. 
Density Porosity cond. (B.t.u. in. /hr 

Material (Ib/cu. ft) (P) k./kg k ft? °F) 

Cellular glass 9.0 0.944 34.7 0.402 0.402 
Cellular rubber 4.9 0.946 12.3 0.260 0.28 
Expanded ebonite 6.0 0.897 5.8 0.237 0.23 

Expanded polystyrene* 2.0 0.971 5.4 0.191 0.220 

Cellular cellulose acetate* 5.5 0.933 9.7 0.294 0.305 
Cellular polyvinyl chloride* 3.5 0.961 6.5 0.206 0.23 








*Data for these materials taken from Technical Data on Plastics, Manufacturing Chemists’ Association, Oct. 
1952. 





Thus Russell’s equation results in calculated values for the thermal con- 
ductivity of certain composite materials which are in fair agreement with the 
measured values. Contrary to expectation the agreement does not appear to 
bear any simple relationship to the value of k;/k,. 


APPLICATION TO SNOW 

Snow is a powdery substance composed of ice crystals and air, and hence 
the above equations may be used for the calculation of its thermal conductivity 
at any density since the properties of ice and air are known. However, in 
snow and other moist materials, there is an additional mechanism by which 
heat may be transmitted. When a temperature gradient is imposed upon a 
layer of snow, a corresponding vapor pressure gradient is also set up. Thus 
water vapor may evaporate from one layer of ice crystals and condense on 
another. In so doing the heat removed from the first layer as latent heat of sub- 
limation is transferred to the second layer. The water vapor traverses the air 
space between the two layers by a process of diffusion. Since this process 
occurs only in the air spaces between ice crystals, this second heat transfer 
mechanism may be accounted for by using an equivalent thermal conduc- 
tivity for the air which includes a term representing the contribution of 
water vapor diffusion. 

Yosida (1955) proposed that for the air in snow 


(4) Rett. = Ratrta.Do.L 
where 
ket. = effective conductivity of air in snow, taking account of water 
vapor diffusion, cal/cm sec °C, 
kyr = thermal conductivity of dry air, cal/cm sec °C, 
a = rate of increase of vapor density of ice with temperature, g/cc °C, 
D) = diffusion coefficient of water vapor through air, cm*/sec, 
LL = latent heat of sublimation of ice, cal/g. 


Yosida took the following values at 0° C, ka, = 5.3X10-5, a = 0.39X10-8, 
Dy = 0.22, and L = 676 in the units given above, to give a value for a.Do.L 
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of 5.8X10-®° cal/cm sec °C. Yosida concluded that the air in snow has an 
effective thermal conductivity twice its normal value. 

Krischer (1941) has shown that the effective thermal conductivity of the 
air in the pores of a material whose pore walls are wetted, may be expressed by 


> 2 

(5) Ren. = bat ier io ane -L cal/cm sec °C 
where 

D = diffusion coefficient of water vapor through air, cm*/sec, 

R, = gas constant of the water vapor, g-cm/g, 

T = absolute temperature, ° kK, 

P = air pressure, g/cm’, 

L = latent heat of evaporation, cal/g, 

P, = partial pressure of water vapor, g/cm’. 


Krischer experimentally studied the diffusion between the wetted walls of a 
greatly enlarged model of a pore, under the influence of temperature gradients. 
From his experiments the following value for the diffusion coefficient resulted, 


oa0/ T \** 
wes (2) 


Equation (5), when applied to the case of the air in snow, at 0°C gives 
Ret, = Rate + 6.24 K 107° cal/cm sec® C. Taking the latest value for ky, at 0°C 
as 5.77 X10-, 
Rete. = 12.01 X10-* cal/cm sec °C 
= 0.029 B.t.u./hr ft °F. 


The thermal conductivity of snow at 0° C and at various densities may now 
be calculated with the aid of equations (1), (2), and (3). The results are shown 


TABLE II 
COMPARISON OF CALCULATED AND EXPERIMENTAL CONDUCTIVITIES OF SNOW 


Thermal conductivity at 0° C, cal/em sec °C 


Density of Mean of exp. Calculated from Calculated from Calculated from 
snow, g/cc values equation (3) equation (1) equation (2) 
0.10 0.155 X 1073 0.238 XK 1073 0.211 < 10-3 0.160 X 10-3 
0.20 0.330 XK 1073 0.355 0.275 0.211 
0.30 0.595 X 1073 0.537 0.349 0.278 
0.901 0.442 0.367 


0.40 1.04 xX 10-3 


in Table II. In the calculations the following values were taken for p,, p,, R,, 
and k, at 0° C: 


Ps = Ptce = 0.917 g/cc, 

Po = Par = 9.0013 g LEC, 

ky = Rte = 5.33X10-* cal/cm sec °C (Jakob 1949), 
ky = Rese. = 1.20X10-* cal/cm sec °C. 
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The experimental values for the thermal conductivity of snow, which were 
averaged to give the values shown in the second column of Table II, are those 
of Kondrat’eva, Yosida, Abel’s, Jansson, and Devaux. The experimental 
methods and results of these investigations are fully described by Yosida 
(1955) and Kondrat’eva (1954). 

The values calculated from equation (3) agree with the experimental values 
much better than those calculated from equations (1) and (2) for the greater 
part of the above density range. Hence in the following, calculated values for 
the thermal conductivity of snow will refer to those calculated from equation 
(3). 

The values of thermal conductivity shown in the fourth column of Table 
III are those calculated from equation (3) neglecting the contribution of 
water vapor diffusion to the heat transfer through snow, i.e. taking ky = Rate 
= 0.577 X10~ cal/cm sec °C. These values are thus the fictitious ‘‘pure”’ 
thermal conductivities which snow would possess at the densities shown, if 
there were no vapor diffusion mechanism. The last column of the table shows 
the percentage contribution to the thermal conductivity of snow made by this 


mechanism. 


TABLE Ill 


CONTRIBUTION OF WATER VAPOR DIFFUSION TO Rk OF SNOW 


Conductivity 


Thermal neglecting water  % contribution 
Density, conductivity vapor transfer of vapor 
g/cc S=l-—-P cal/em sec °C cal/em sec °C transfer 
0.10 0.1077 0.238 XK 1073 0.125 < 10-3 47.6 
0.20 0.2171 0.355 0.192 45.9 
0.30 0.3262 0.537 0.306 43.0 
0.40 0.4355 0.901 0.576 36.0 
0.45 0.4901 1.277 0.935 26.8 
0.48 0.5228 1 666 1.445 13.2 


The calculated thermal conductivity increases with density, the rate of 
increase being larger at the higher densities. The percentage contribution of 
vapor flow to the conductivity decreases as density increases. Both these 
results are caused by the fact that as density increases, the fraction of air 
present decreases. 

At densities higher than 0.48 g/cc, i.e. at porosities lower than 47.7%, 
equation (3) cannot be applied to calculate thermal conductivities, since at the 
corresponding value of S (= 1—P), the value of R becomes unity, and the 
assumed solid spheres touch. The ice crystals in snow are not solid uniform 
spheres, but the agreement between the calculated and measured thermal 
conductivities indicates that they may be so represented for heat conduction 


purposes. 

The above results are shown graphically in Fig. 2 where k, the thermal 
conductivity of snow, is plotted against its density p. The heavy full curve 
represents the variation of k with p calculated from equation (3), and the 
dashed curve the calculated variation omitting the vapor flow contribution. 
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The curves numbered 1 to 5 represent the experimental results of Kondrat’eva, 
Devaux, Jansson, Yosida, and Abel’s. The results obtained by Abel’s, expressed 
by the empirical relationship 


k = 6.8p?X10- in c.g.s. units, 


appear to be the commonly accepted values. Since the agreement between 
the experimental results is poor, the agreement between the calculated and 
experimental results may be considered satisfactory. 
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Fic. 2. Thermal conductivity of snow vs. snow density. Full curve: calculated. Dashed 
curve: calculated, omitting vapor flow contribution. Curves 1, 2, 3, 4, 5: empirical results of 
Kondrat’eva, Devaux, Jansson, Yosida, and Abel’s respectively. 


CONCLUSION 
The application of equation (3) to the calculation of the thermal conduc- 
tivity of snow, taking into account vapor diffusion, was straightforward, since 
the air in snow is at all times effectively saturated with water vapor, so that 
P, in equation (5) is the saturation water vapor pressure over ice. The appli- 
cation to moist porous materials would be more complicated since the vapor 
pressure conditions in this case are less well-defined. 
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THE VARIATION OF SEA LEVEL COSMIC RAY INTENSITY 
BETWEEN 1954 AND 1957! 


A. G. FENTON,’ K. B. FENTON,’ AND D. C. ROSE 


ABSTRACT 


Results from neutron monitors and meson telescopes at Ottawa (geomagnetic 
[atitude 57° N.) and Resolute (geomagnetic latitude 83° N.) are presented for the 
years 1954-57, a period of increasing solar activity. The results indicate that the 
sea level meson intensity at these latitudes decreased by 5-6% between April 
1954 and December 1957. During the same period the intensity of the nucleonic 
component at these stations decreased by over 22%. Investigation of the relative 
response of the two types of recorder to transient decreases during this period 
indicates that the long term change in the intensity level cannot be explained 
completely as an accumulation of shorter transient decreases, which become more 
frequent at times of high solar activity. It is concluded that the transient de- 
creases are superimposed upon the longer term changes, each being produced by 
a separate modulation process but ultimately controlled by the general level of 
solar activity. Significant differences are found in the shape of transient decreases 
observed at the Canadian stations, both between different components at the 
one station and the same component at different stations. These may be inter- 
preted as due to a varying energy dependence from one transient decrease to 
another, and to anisotropy in the primary cosmic radiation at these times. 


INTRODUCTION 

Convincing evidence that the intensity of cosmic radiation varies during the 
cycle of solar activity was first reported by Forbush (1954), using data obtained 
with Carnegie Model C ionization chambers. Forbush found a variation of 
almost 4% in the intensity during the period 1937-52, negatively correlated 
with the sunspot number. This 11-year variation has been discussed in relation 
to modulation theories which have been proposed by Morrison (1956), 
Parker (1956), and Singer (1957) in order to explain other cosmic ray variations 
controlled by the sun, such as the variation of the low energy cutoff for 
primary particles, the Forbush decreases, and the 27-day recurrences in cosmic 
ray intensity. The most recent modulation theories involve a constant galactic 
cosmic ray intensity spectrum that is modified as it approaches the earth, 
probably by disordered magnetic fields associated with plasma clouds of solar 
origin. When formulating and testing these hypotheses it is necessary to 
know whether the one type of mechanism is capable of explaining all the in- 
tensity changes observed or whether two or more processes are operative, 
each controlled by the general level of solar activity. 

It is the purpose of this paper to present data on the variation of the in- 
tensities of both the meson and nucleonic components at Ottawa and Resolute 
since the solar minimum of 1954. It will be shown that the use of the two types 
of recorder at the one location permits conclusions concerning the relation 
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of the 1l-year changes to the more rapid transient changes observed in the 
cosmic ray intensities. 


EQUIPMENT 

The data were obtained from vertical counter telescopes and neutron 
monitors operated near sea level at Ottawa (geog. coord. 45.4° N. lat., 75.6° W. 
long., geomag. lat. 57° N.) and at Resolute (74.7° N. lat., 94.9° W. long., 
geomag. lat. 83° N.). During the period considered several changes were made 
in the telescopes, resulting in changes in the counting rate; however, at these 
times other recorders were in operation and it was possible to obtain reliable 
normalizing factors, with the result that no significant errors are likely to 
remain in the records on account of these changes. In the case of the neutron 
monitors it was possible to correct for equipment changes by reference to the 
regular calibration tests against a neutron source. 

A brief description of the equipment in use at present will now be given. 


A. Counter Telescopes 

The telescopes are of cubical geometry consisting of three trays each con- 
taining 24 all-metal counters covering an effective area approximately 60 X60 
cm. The absorber (10 cm Pb) is located between the middle and bottom trays, 
the bottom tray being shielded also at the sides. 

The Geiger counters are connected individually to triode preamplifiers 
which are coupled via germanium diodes to a common output cathode follower, 
one for each tray. It has been found that this circuit provides short pulses of 
adequate amplitude, while at the same time permitting the operation of the 
counters at a reduced charge per pulse, leading to a useful counter life of over 
two years. 

The auxiliary coincidence, scaling, and power supply units are of a design 
proved to be highly reliable during operation over a number of years at the 
Cosmic Ray Laboratory. 

Two methods of recording are used, namely, electromechanical registers and 
multi-pen operations recorders. The registers are read visually each day to 
provide a quick check on the performance of the equipment, and the pen 
recorder charts are used for the hourly intensities. One-minute time pips on 
the charts provide a time reference if required for determining onset times of 
solar flare increases. 

In addition to the threefold (meson) component the coincidences between 
the top and middle trays are recorded, giving the wide angle total intensity. 

Fig. 1 shows a schematic diagram of the circuit arrangement. Telescopes of 
this design are in operation at Resolute, Churchill, and Banff for the 1.G.Y. 
program. The telescope in use at Ottawa differs a little from these in some 
details, owing to the fact that glass walled counters of a larger size were used, 
arranged to overlap each other but covering the area 60 X60 cm. 


B. Neutron Monitor 
The neutron monitors differ slightly from the design developed by Simpson, 
Fonger, and Treiman (1953). Larger counters and greater thicknesses of lead 
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are used, resulting in a higher counting rate per counter. As shown in Fig. 2, 
three counters are used, each measuring 27 in. effective length, 23 in. in 
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Fic. 1. Meson telescope. 


diameter, made for us by Atomic Energy of Canada Ltd., at Chalk River. 
These are connected to three independent amplifiers and recording circuits, 
which enables a cross check on performance to be made by examining the 
ratios of the counts registered in the three channels. Thus it is possible to 
detect even minor changes in counting rate in one channel due to equipment 
faults, and also to fill in missing or faulty data in one channel from the other 
two. 

This three-channel neutron monitor has been in operation since January 
1956. Before that a two-counter monitor was used with slightly shorter coun- 
ters. To be certain of a true normalization of the intensity the two monitors 
were operated together for a period of 3 months. Thus the sequence of 
calibrations referring to a standard neutron source can be carried back to 
April 1954. Apart from changing from the old to the new monitor only one 
other change was made, namely the replacement of the amplifiers by a better 
design in August 1955. This was done at a time of relatively little intensity 
change, and calibrations before and after the change were reasonably con- 
sistent. The earlier monitor showed a systematic change in sensitivity of a few 
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per cent (maximum 6%) for which corrections have been made. Calibrations 
of the later monitor show no systematic change, although the standard devi- 
ation of the individual calibrations is about twice that expected from the 
counting rates used in calibration. Considering all errors due to changes in the 
equipment and calibration uncertainties it is our belief that errors over the 
period April 1954 to December 1957 are of a random nature and are less than 
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Fig. 2 gives the more important dimensions of the neutron monitor pile. 
The circuit consists of a preamplifier, amplifier, and pulse height discriminator 
of conventional design. The output is fed into a binary 6-stage scaler followed 
by a 4-stage scaler for each of the three channels. These record on message 


registers and the 20-pen operations recorder as shown in Fig. 1. 
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ATMOSPHERIC CORRECTIONS AND DATA PROCESSING 

The raw meson intensity data were corrected for atmospheric pressure 
according to a linear regression equation using the empirical coefficient 
8 = —0.136% per mb. A large seasonal variation remained in the pressure- 
corrected data. In the case of the Ottawa data this was practically removed 
by applying a further correction for the monthly mean surface temperature. 
It was noted that the monthly mean surface temperature in the continental 
climate of Ottawa is very consistent from year to year and follows closely an 
inverse plot of the cosmic ray data. A least squares analysis of monthly mean 
cosmic ray intensities (after correction for surface pressure) covering a two- 
year period of low solar activity gave a correlation coefficient r = 0.98+0.01. 
This is recognized as an arbitrary method of correcting for temperature but it 
appears to be justified by the close correlation, and was resorted to because 
there are no radiosonde flights at Ottawa. The temperature coefficient found 
in this way for the Ottawa data was —0.058+0.003% per ° F. The Ottawa 
daily mean meson intensities were also corrected for surface temperature 
using the same coefficient, although this is a less reliable procedure than is the 
case for the correction of the monthly means. Surface temperature corrections 
for hourly values would be quite useless. 

The Resolute data were corrected for atmospheric pressure, followed by 
correction for the height of the 200 mb level using radiosonde data obtained 
at this station (two flights per day). Both the monthly and daily mean values 
were corrected in this way, the coefficient obtained by least squares regression 
of the 1954-55 monthly mean data being —6.2+0.4% per km. The corre- 
sponding correlation coefficient is 0.95+0.02. 

Neutron monitor data were corrected to a standard barometric pressure of 
1010 mb using tables derived from the expression J = J exp (6P/P»), where 
J is the pressure-corrected intensity, J is the uncorrected intensity, 6P is the 
difference between the observed pressure, P, and the mean, viz. P—P. P is 
taken as 1010 mb and Py is a constant, 136 mb, which corresponds to 138.7 
gm/cm?. The current method of data processing involves the use of 1.B.M. 
machines, and in this case the neutron pressure correction is made by using 
an expansion of the above exponential to three terms. 

RESULTS 

Figs. 3 and 4 give the available information on the variation of the monthly 
average meson and nucleon intensities at Ottawa and Resolute during the 
period April 1954 to December 1957. To demonstrate the world-wide nature 
of the intensity changes the Hobart nucleon data have been included. In the 
figures the cosmic ray intensity data have been expressed as percentages 
below the value for the first month of each sequence, with the exception of the 
Resolute nucleon which has been normalized to Ottawa for October 1956. 
The data have been plotted on different vertical scales to avoid overlapping. 
The Zurich sunspot numbers and the sums of planetary magnetic disturbance 
K, indices for each month are also shown, plotted inversely for comparison 


with the cosmic ray intensities. 
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Fic. 3. Monthly mean meson and nucleon intensities, corrected for atmospheric effects 
and equipment changes, April 1954-December 1957, together with the corresponding Zurich 
sunspot numbers and the sums of the planetary geomagnetic disturbance index Kp. 


As may be seen from Fig. 3 the Ottawa meson intensity decreased by about 
5% during the period 1954-57, while the nucleonic component decreased by 
over 22%. The decrease in meson intensity at Resolute was about the same 
as at Ottawa, and the nucleonic component at Resolute for the shorter period 
October 1956 to December 1957 follows closely the corresponding section of 
the Ottawa nucleon intensity curve (Fig. 4). 

It should be noted that the statistical fluctuations for the monthly averages 
of the cosmic ray intensities are considerably smaller than the fluctuations 
apparent in Figs. 3 and 4. The standard deviation for the meson data for 
1 month is +0.015%, with +0.025% for the nucleon intensity data. 
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Fic. 4. Monthly mean nucleon intensities June 1956-December 1957. (The Resolute value 
for October 1956 has been normalized to Ottawa.) 


The month to month intensity changes follow a similar trend from station 
to station, but statistically significant differences are observed. 

Table I shows the monthly mean values of the nucleon and meson intensities 
(in scaled counts per hour) at Ottawa and Resolute for the period October 
1956 to December 1957, when comparable data were available from both 
stations. Beside the columns for each component is the ratio of the Resolute 
to Ottawa intensities for each month, adjusted slightly to give a ratio of unity 
for the mean intensities over the complete period. The root mean square 
deviations of these ratios are respectively +0.0069 and +0.0061 for the 
nucleon and meson components. These are to be compared with the standard 
deviations due only to statistical variations in the counting rates, namely 
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0.0004 and 0.0002 respectively. Evidence has been presented by the Chicago 
group (Simpson, Fonger, and Treiman 1953) that correction of data from 
neutron monitors for barometric pressure is sufficient to remove intensity 


TABLE I 


MONTHLY MEAN VALUES OF THE NUCLEON AND MESON INTENSITIES (IN SCALED COUNTS PER 
HOUR) AT OTTAWA AND RESOLUTE FOR THE PERIOD OCTOBER 1956 TO DECEMBER 1957. 


(For ratio see text) 








Nucleon component Meson component 
Resolute Ottawa Ratio (R/O) Resolute Ottawa’ Ratio (R/O) 

Month (+ 64) (+ 64) (normalized) (+ 1024) (+ 1024) (normalized) 
1956 

Oct. 309.70 296.84 1.0035 56.57 52.64 1.0057 
Nov. 299 67 289.17 0.9968 55.94 52.49 0.9973 
Dec. 289.67 281.11 0.9911 55.36 51.82 0.9998 
1957 

Jan. 282.94 Zinta 0.9977 54.94 Sl .7o 0.9936 
Feb. 283 .35 271.84 1.0025 54.86 51.88 0.9896 
Mar. 281.80 213.26 0.9918 55.15 52.08 0.9910 
Apr. 274.48 267 .60 0.9865 54.74 51.40 0.9967 
May 279.62 270.34 0.9948 55.31 50.95 1.0159 
June 276.22 265 .93 0.9990 55.03 51.11 1.0076 
July 273.78 261.71 1.0062 54.80 5)..12 1.0033 
\ug. 276.46 264.09 1.0069 54.59 50.89 1.0039 
Sept. 265.85 253 . 84 1.0073 53.70 49.96 1.0060 
Oct. 268.88 258 .33 1.0011 54.06 50.78 0.9963 
Nov. 271.14 257 .41 1.0131 54.12 51.02 0.9927 
Dec. 265.31 254 .26 1.0036 54.16 50.71 0.9996 





variations due to the atmosphere. This being so, the month to month variations 
indicated by the ratios in Table I appear most likely to be due to differences in 
the primary intensity above the two stations. In the case of the meson com- 
ponent the usual problem of residual atmospheric effects makes a similar 
conclusion less reliable. On the other hand the fact that the variations in the 
ratio of the meson components at Resolute and Ottawa are not greater than 
those for the nucleon component may be regarded as evidence in favor of the 
procedures used during correction of the meson data. 

Two types of decreases, relatively short compared with the 11-year changes, 
are often distinguished in the literature, viz. the rather abrupt Forbush 
decreases which are often but not always associated with severe magnetic 
disturbances, and the slower decreases that sometimes recur through several 
solar rotations. In this paper no distinction will be drawn between these 
variations, which will be referred to as transient decreases because their 
recovery appears to be complete in times of the order of days or weeks. 

The question arises as to whether or not the greater prevalence of transient 
intensity decreases observed during periods of high solar activity can be the 
cause of the long period variation of intensity during the solar cycle. In an 
attempt to answer this question for the period 1954-57 the daily mean meson 
and nucleon intensities observed at Ottawa have been examined. 
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Two short-term transient decreases are shown in Fig. 5, and data con- 
cerning these and other decreases observed during 1957 are given in Table II. 
The first day of each decrease was chosen by inspection of a plot of the daily 
mean intensities, and was taken as the G.M.T. day on which the intensity 
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Fic.’5. Daily mean intensities during two transient decreases observed at Ottawa and 
Resolute, plotted as percentages below the average intensity for 3 days before the decrease. 


was significantly lower than the mean for the previous 2 or 3 days. The 
last day of each interval presented in Table II was selected to represent either 
(a) the day on which the intensity recovered to roughly the pre-decrease in- 
tensity, or (b) the first day on which the intensity settled down for a time to a 
new level, lower than the pre-decrease value, or (c) the day before a further 
obvious decrease began, provided that most of the recovery had taken place 
by this time. The upper section of Fig. 5 illustrates selection according to 
criterion (a) while the lower section illustrates (c) as another decrease began 
on September 13. It should be noted that in this section of Fig. 5 a small 
subsidiary decrease which occurred during the early stages of recovery has 
been included with the main event. 

‘Table I] shows that the ratio of the nucleon to meson departures from the 
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TABLE II 


TRANSIENT DECREASES CHOSEN FROM 1957 DATA, SHOWING THE MAXIMUM AND AVERAGE 
DEPARTURES FROM THE PRE-DECREASE LEVEL (IN PER CENT) AND THE CORRESPONDING RATIOS 
FOR THE NUCLEON (AN) AND MESON (AM) COMPONENTS 


First and 





last day of AN (%) AM(%) AN(%) AM(%) 
interval Station (maximum) (maximum) Ratio (average) (average) Ratio 
Jan. 21-28 Ottawa 13.25 6.70 1.98 6.75 2.66 2.54 
Resolute 12.44 5.78 2.15 6.55 2.75 2.38 
Mar. 10-14 Ottawa 4.85 3.02 1 61 2.36 1.38 1.71 
Resolute 6.00 2.38 2.52 2.15 0.71 3.03 
Apr. 15-380 Ottawa 8.16 6.03 1.35 4.52 2.78 63 
Resolute 7.26 3.34 2.17 3.80 1.54 2.47 
July 20-24 Ottawa 1.54 1.74 0.89 1.32 0.66 2.00 
Resolute 2.57 1.33 1.93 2.07 0.86 2.41 
Aug. 4-15 Ottawa 5.76 2.29 2:52 2.76 1.03 2.68 
Resolute Si eke 1.84 2.69 1.15 2.34 
Aug. 30 Ottawa 9.32 3.82 2.44 6.90 2.21 3.12 
Sept. 12. Resolute 9.48 4.23 2.24 6.23 2.41 2.59 
Sept. 29- Ottawa 5.28 3.28 1.61 3.20 1.83 L.é3 
Oct. 5 Resolute ae 2.27 2.44 3.32 1.29 2.57 
Oct. 22-28 Ottawa 8.69 4.82 1.80 5.87 3.18 1.88 
Resolute 9.20 4.83 1.90 6.04 3.69 1 64 
Mean ratios Ottawa - — 1.78 - 2.16 
Resolute —_ —_— 2.15 2.43 





pre-decrease level lies between about | and 2.5 for the intensity minima that 
are reached, while the ratio of the average departures represented by the area 
of the decrease (decrease Xtime) is only slightly larger than this. This in- 
dicates that the main recovery phase of the short term transient decreases 
listed in Table II takes about the same time in both the meson and the nucleon 
components. 

If the Il-year variation were due only to the changes in frequency and 
magnitude of the transient decreases observed in the daily mean intensities 
one would expect to find either complete recovery between decreases to the 
level prevailing near solar minimum, or else considerable overlapping of events, 
a fresh decrease often occurring before the complete recovery from earlier ones. 
Inspection of the daily mean intensities plotted as a function of time indicates 
that this is not so, since it is possible to find groups of days between decreases 
during which the intensity remains fairly steady and at a lower level than 
prevailed during 1954. Furthermore, since the recovery from transient de- 
creases takes about the same time in both the nucleonic and the meson com- 
ponents we would expect that, even with considerable overlapping, the de- 
creases in the nucleon component would be at least four times as great as 
those in the meson component, in order to account for the factor of 4 in the 
long term changes in these components. The final column of Table II clearly 
indicates that this is not the case. The decreases listed in Table I] vary in 
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peak amplitude from less than 2% to over 13% in the nucleon component, 
and there is no evidence that the small decreases are consistently associated 
with higher ratios; therefore, it does not seem likely that the 11-year variation 
is caused by the superposition of a large number of transient decreases pro- 
duced by the same mechanism as these but too small to be recognized as 
separate events. 

Thus, it is concluded that the transient decreases that occurred during the 
period 1954-57 did not themselves produce the over-all intensity decrease, but 
are superimposed upon it. If this statement is accepted it is possible to estimate 
the extent to which the intensity data of Figs. 3 and 4 are influenced by the 
transient effects. This has been done for the period October 1956 to December 
1957. Since there were no large intensity decreases during October 1956 this 
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Fic. 6. Monthly mean intensities, October 1956-December 1957. The crosses indicate the 
corresponding Ottawa meson and nucleon intensities after correction for transient decreases. 
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was taken as a reference month, and the average intensity for succeeding 
months, corrected for transient decreases, was obtained as follows. A straight 
line was drawn through the high points on a time plot of the daily mean 
intensities (corrected for atmospheric effects), taking 3 months at a time; 
then the position of the line at the mid-point of the middle month of the three 
was taken to represent the mean intensity for that month, corrected for tran- 
sient decreases. This process was then repeated to obtain a value for each 
month. In Fig. 6 the solid lines represent the appropriate sections of Figs. 3 
and 4, while the crosses give the Ottawa results corrected for transients as 
just described. This process effectively removes most of the month to month 
fluctuations in the intensity attributable to transient decreases and leads to a 
re-evaluation of the over-all decrease between 1954 and 1957, due only to the 
long term modulation effect. Since there were very few transient decreases 
during 1954 we conclude that the intensity change at Ottawa during this 
period, after correction for transients, was about 20°% in the nucleonic com- 
ponent and about 4% in the meson intensity. The ratio of these corrected 
changes is 5, compared with 4 for the ratio of the over-all changes. 


DISCUSSION 

The decrease in meson intensity between 1954 and 1957 is in good agreement 
with the ionization chamber results reported by Forbush (1954) for 1944-47, 
which was a comparable period of increasing solar activity. Forbush obtained 
an intensity change of slightly less than 4°% for the mean of four stations, 
namely, Huancayo, Christchurch, Cheltenham, and Godhavn. One feature of 
his observations is that the intensity variation is practically independent of 
latitude, as shown by the data for the individual stations. For example, the 
data given by Forbush show that both the Huancayo and the Godhavn annual 
mean intensities decreased by 3.5% between 1944 and 1947. The change of 
about 5% for the Ottawa and Resolute annual mean meson intensities is con- 
sistent with these results in view of the greater change that has taken place in 
the sunspot numbers, from the exceptionally low level in 1954 to the unusually 
high sunspot numbers near the end of 1957 (Ellison 1957). 

The evidence that the slow intensity changes over the solar cycle are not 
due to the shorter transient decreases is consistent with a similar conclusion 
arrived at by Forbush (1954). Forbush based his conclusion on the similarity 
of the variation in groups of data selected according to geomagnetic activity, 
finding that the annual means of cosmic ray intensity were practically the 
same for international magnetic quiet days and international disturbed days. 
The conclusion given in this paper has the advantage that it is independent 
of arguments based on geomagnetic activity, being derived from cosmic ray 


data alone. 

Although there is an obvious relationship between the cosmic ray intensity 
and the general level of solar activity as shown by the sunspot numbers and 
sum of K, indices in Fig. 3, there is no evidence for a consistent and detailed 
month by month agreement. Other phenomena we have examined, such as 
the horizontal component of the earth’s magnetic field and solar radio emission, 
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do not show any better detailed tracking with changes in the cosmic ray 
intensity. As may be seen from Figs. 3 and 4 the cosmic ray intensity levelled 
off in June 1956 and then increased until October of that year, when the in- 
tensity was higher than during the previous 5 months. This may be com- 
pared with information given in the preliminary reports on solar activity 
from the High Altitude Laboratory and National Bureau of Standards, 
Boulder, Colorado. These reports indicate that the general level of solar 
activity, as judged from a number of phenomena, decreased appreciably 
after the relatively high activity in January and February 1956 to a low level 
in June and began to increase again during August. A time constant of 2 to 
3 months for the mechanism producing the slow variation of cosmic ray 
intensity is suggested by these observations if the upward trend during this 
period was due to a relaxation process. 

The much greater change in the Ottawa and Resolute neutron monitor 
data as compared with the counter telescope records indicates that the 
mechanism responsible for the decrease between 1954 and 1957 is more effective 
at the lower energies, to which neutron monitors are more sensitive than 
counter telescopes. This is consistent with results obtained at balloon altitudes 
by Neher and Anderson (1958) who have reported recently that the primary 
particle intensity at Thule decreased by a factor of 4 between August 1954 
and August 1957. The energy dependence of the intensity change during this 
period appears to be steeper than for the more abrupt transient decreases 
though by no means as steep as that found for sudden increases associated 
with solar flares (Meyer, Parker, and Simpson 1956). 

An investigation of the latitude dependence of this long-term intensity 
change would be worthwhile, but sufficiently extensive data are not available 
to us at present for this to be made. The ionization chamber data given by 
Forbush (1954) for an earlier period suggest that a very small latitude effect 
exists for the ll-year change in the meson component. Thus the rather large 
change reported here for the nucleonic component may be predominantly a 
high-latitude phenomenon, possibly associated with the low energy cutoff 
that develops at times of high solar activity. More information about this may 
be available when data from the world-wide network of I.G.Y. stations can 
be assembled. 

As already pointed out the response of the Ottawa and Resolute neutron 
monitors at the minima of the short-term changes is about twice that of the 
telescopes on the average; however, as may be seen from Table II, these ratios 
vary from 0.89 to 2.52 for the 1957 decreases. Furthermore, there are significant 
variations both between the two components at the one station and between 
the same component at different stations. This may be seen from Fig. 5 and 
the difference plots of Fig. 7. These observations indicate that the cause of the 
transient intensity decreases is variable in its energy dependence in the range 
from a few Bev to over 30 Bev (the average primary particle energies detected 
by sea level neutron monitors and meson telescopes are about 7 and 30 Bev 
respectively). The variation in response to transient decreases observed with 
similar equipment at different stations suggests that a primary anisotropy is 
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present at these times, since both Ottawa and Resolute are at latitudes above 
the knee of the sea level latitude—-intensity curve, which precludes effects due 
to changes in the low cutoff rigidities. (Meyer and Simpson (1957) have 
presented evidence that in August 1956 the intensity at aircraft altitudes 
levelled off at about 52° geomagnetic latitude. Since then the sun has become 
more active and the ‘‘knee’’ may now be nearer the equator.) 
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JAN. 21-31, 1957 
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PERCENTAGE DECREASE AT RESOLUTE MINUS THAT AT OTTAWA 


OCTOBER 22-28 , i957 





Fic. 7. Ditference in response of the neutron monitors at Ottawa and Resolute during five 
transient decreases, derived from tabulated data in percentages below pre-decrease levels (as 
used for construction of Fig. 5). Positive differences indicate a larger departure at Resolute 
than at Ottawa. Standard deviation of points, calculated from counting rate, +0.2%. 


The relative response of neutron monitors and ionization chambers to in- 
tensity variations has been discussed by Fonger (1953) and Simpson (1957) 
who reported a 5 to 1 ratio for the response of the Climax neutron monitor as 
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compared with records from the Freiburg ionization chamber for the period 
July to October 1951. This is to be compared with the ratio of about 2 to 1 
reported here for the Ottawa and Resolute data. It is not clear why this 
difference should exist, but the possibility should not be overlooked that the 
response is different for different phases of solar activity. Further data will 
be needed to settle this question. 

CONCLUSIONS 

From a study of the intensity variations observed with counter telescopes 
and neutron monitors at Ottawa and Resolute during the period 1954-57 we 
conclude that: 

(1) The sea level meson intensity at these latitudes decreased by 5 to 6%, 
while the nucleonic component decreased during the same period by over 22%. 
The decrease in meson intensity is comparable to the world-wide decrease 
observed with the Carnegie ionization chambers during the last period of 
increasing solar activity, 1944-47. 

(2) It has been shown that the short-term transient decreases observed 
during 1954-57 are not in themselves the cause of this intensity variation 
during the solar cycle; these events appear to be superimposed upon the 
longer-term variation, and are less dependent on energy. 

(3) Significant variations are found in the energy dependence of transient 
decreases, and also in the form of these decreases observed at different high 
latitude stations. The latter effect may be interpreted in terms of primary 


anisotropy. 
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ANALYSIS OF METEORIC BODY DOPPLER RADAR RECORDS 
TAKEN DURING A GEMINID SHOWER PERIOD! 


M. SrRiIRAMA Rao? 


ABSTRACT 


The determination of the prevailing wind in the 80-100 km region of the 
upper atmosphere by a new method, involving the simultaneous use of a CW 
doppler radar at 30.02 Mc/sec and three-station pulsed radars at about the same 
frequencies, is presented in this paper. This method involves the determination 
of the exact location of each observed meteor train and the component of the 
velocity of its horizontal drift in the direction of the azimuth from Ottawa. A 
19-minute period during the Geminid shower on the night of Dec. 10/11, 1948, 
has been selected for this investigation. Theory for the analysis of the body 
doppler records is briefly outlined. The prevailing wind speed obtained from the 
body doppler frequencies (fy) is 54 m/sec. The observed linear variation in the 
average fz with time, in the case of each meteor, has been explained as caused by 
the effective point of reflection drifting along its train towards the maximum echo 
duration level. Periodic fluctuations of fy of the order of 1-3 c.p.s., on the average, 
have also been observed. The above two phenomena can be explained from a 
postulate of atmospheric turbulence on a scale of about 1 km or above. 


1, INTRODUCTION 


Interest in the study of meteors and their associated phenomena has been 
growing in recent vears. Study of the motion of the ionized meteor trains has 
led, among other things, to the determination of upper atmospheric winds. 
During 1948-1950, a good number of doppler beat records of meteors were 
photographed at the South Gloucester station of the National Research 
Council, using continuous wave (CW) transmissions at 30.02 Me sec trans- 
mitted from the Metcalfe Road station, 7.5 km distant. The initial doppler 
whistles, in each record, caused by the motion of the meteoroids through the 
atmosphere, have already been analyzed by MecWinley (1951) for meteor 
velocities. These doppler whistles are usually followed by a comparatively 
slow variation of signal strength known as the body doppler which is caused 
by a drifting motion of the ionized meteor train.’ Such body dopplers have 
been analyzed previously by Manning, Villard, and Peterson (1950), of 
Stanford University, California, for the determination of wind speeds and 
directions by a method involving the determination of average doppler 
frequency for each azimuth angle. The atmospheric motion was found to be 
predominantly horizontal. As quite a number of meteors are required in this 
method to determine the average doppler frequency independent of range, 
it is not always practical. The method used in the present paper is different 
from the Stanford procedure as a single meteor will give a determination of a 
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component of wind velocity in the horizontal plane in the direction of the 
azimuth. The actual position of each meteor is determined from simultaneous 
range-time records taken from Ottawa, Arnprior, and Carleton Place stations, 
using pulsed radar at about the same frequencies. The actual frequencies of 
radiation used at these stations were 32.7, 36.0, and 34.5 Mc/sec respectively. 
The method of calculation of the coordinates of the meteor position with 
respect to Ottawa has been given by McKinley and Millman (1949a). Hence 
we have, for each meteor, its azimuth angle A measured in degrees eastward 
from the north point as seen from Ottawa, its elevation angle 4 measured 
from the horizon, and its height 7 above the ground. A complete 100-ft roll of 
35 mm photographic film has been used for recording the doppler phenomena 
of meteors during each 40-minute period. Results of the analysis of all meteoric 
body dopplers occurring during the period from 0412 to 0452 E.S.T. on Dec. 
11, 1948, are presented in this paper. The Geminid shower is known to be 
active during this period. 
2. EXPERIMENTAL DETAILS AND OBSERVATIONS 

The techniques used in the doppler radar equipment of the National 
Research Council have already been discussed in detail by McKinley (1951). 
The CW radiation, on 30.02 Mc/sec from the Metcalfe Road station, reaches 
South Gloucester by way of reflection from the meteor train as well as by way 
of ground transmission. Provision was made to control the ground wave to a 
required level of intensity to prevent overloading of the receiver. As the 
meteor train drifts bodily in a horizontal direction, the reflected wave suffers 
doppler shift of frequency, giving rise to a beat frequency fy. This body doppler 
frequency is recorded as variation in echo amplitude with time. Fig. 1 shows 
a portion of such body doppler record taken on Dec. 11, 1948, at 04" 38™ 28° 
E.S.T., by a technique referred to by McKinley as the fast doppler method. 
The doppler whistle can easily be identified at the left end of the sixth line 
from the bottom, followed by the body doppler of a longer period. The bright 
spots on the various lines are the time markers, the distance between con- 
secutive markers corresponding to 1 second. It can be easily seen that the 
length of the record reproduced here corresponds to slightly more than a 
second. 

Each body doppler record, obtained during the period of this investigation, 
is analyzed by measuring the time differences between the peak points of 
successive beat waves, from the first wave after the doppler whistle to the 
end of the body doppler duration of the meteor train. Thus we get the periods 


T of consecutive beat waves, where 
(1) T = l/fa. 


These periods could be measured to an accuracy of 0.001 second. A graph is 
then drawn to show the variation of fy with time. Fig. 2 shows a typical curve 
obtained in this way for the meteor of Fig. 1. The body doppler in this case 


yersists for about 3 seconds. In general, durations between 2 and 9 seconds 
I ts f bout 3 ls. In general, durations bet 1 2 and 9 1 


are observed in this investigation. 
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The nearly periodic fluctuation of f; apparent in Fig. 2 is interpreted as due 
to the effect of interference between the echoes from the various centers of 
reflection scattered along the meteor train, as the train moves bodily in a 


fg (C/SEC)—> 





TIME (SECS)—» 


Fic.2. A typical curve of the variation of fg with time, drawn for the body doppler of Fig. 1. 


horizontal direction. These various centers of reflection along a meteor train 
may be produced in various ways. Atmospheric turbulence and flares may 
both contribute their share in producing various blobs of ionization along 
the meteor train, reflecting radio waves by back scatter. Previous work in 
this connection will be reviewed in more detail later in this paper. However, 
the interference or fading frequency f; observed in the f,-¢ curves is thought 
to be caused by the interference of these various echoes from the train. In 
each case, the average value of f; may be measured by counting the number of 
waves, such as those in Fig. 2, for the whole duration of the doppler record. 
This frequency f; is generally found to be small compared to the main doppler 
beat frequency fz. For example, in the particular case of Fig. 2, a low frequency 
of f; = 2.66 c.p.s. is found to be superposed on the primary doppler frequency, 
which varies within the limits of 8.5 and 10 c.p.s. Graphs drawn in the case 
of the other meteors also show a similar effect of the same order of magnitude. 

In order to find the average value of fz in each case, a mean straight line 
is drawn through the f,-¢ curve of the variation of fg with time. The value read 
from this straight line at the middle of the duration is taken as the average 
fa for purposes of calculation of the average prevailing wind. These straight 
lines are not, in general, parallel to the time axis, but show a regular gradient 
df,/dt. Thus the straight line of Fig. 2 shows a linear change of f, from 9.6 
c.p.s. at 0 second to 8.8 c.p.s. at 3 seconds, with an average value of 9.2 c.p.s. 
at 1.5 seconds. From this, the value of the slope of this line is found to be 
—0.27 c/sec*. Slopes of either sign are observed in this investigation, and the 
interpretation of these results will be taken up later in this paper. 

Other data for each meteor have been obtained from simultaneous three- 
station range-time (R-t) records. The values of the azimuth A, elevation h, 
and height H for each meteor have been deduced by triangulation. 

The various data derived from the doppler and the range-time records for 
eight meteors observed in this investigation are presented in Table I, along 
with the time of occurrence and the Ottawa range. 

From this table it can be seen that the doppler durations vary between 2 
and 9 seconds, and that the average values of f, vary between 4 and 11 c.p.s. 
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TABLE I 
DATA OBTAINED FROM PULSED RADAR AND BODY DOPPLER OBSERVATIONS 








Time, Ottawa Doppler Average 
Meteor E.S.T. range, h, A, H, duration, ta, ti: dfi/dt, 
No. h-m-s km deg °E.ofN. km sec C:p.s. c.p.s.  c/sec? 
1 04-14-51 157 36.4 104 94 2.2 7.30 2.78 —().42 
2 04-21-05 120 43.7 138 88 6.2 3.97 bag +0 .23 
3 04-26-44 187 27.0 42 87 6.0 6.40 1.64 +0.20 
4 04-32-10 132 41.4 55 88 23 11.30 2.00 —0.90 
5 04-34-48 218 23.8 35 91 3.0 7.95 1.96 +0.58 
6 04-38-28 173 30.5 261 90 3.0 9.20 2.66 —0.27 
7 04-38-40 123 44.5 215 89 8.9 5.20 1.60 +0.05 
8 04-52-11 I8l 29.2 247 90 2.1 9.44 2.00 —0.37 


Average H = 90 km 





The values of f; are found to vary between 1.2 and 2.8 c.p.s., and these values 
appear to be larger in the case of meteors of smaller duration. This fact may 
give a clue to the origin of the fading mechanism in different cases, if verified 
with more observations. It can be noticed from the values of A that the 
various meteors occur randomly in almost all directions, as we look from 
Ottawa. Another interesting point is the fact that the heights, obtained by 
triangulation for the various meteors, vary in a small range between 87 and 
94 km, the average of all being 90 km. It can hence be assumed that the 
midpoint of the ionization train is at a height of roughly 90 km for the group 
of meteors observed. The measured height is given for each meteor. 

In this investigation, the meteors observed thus appear to be situated in 
the 80-100 km region in the upper atmosphere, which may be called the 
M-region, following McKinley and Millman (19495). The M-region has been 
defined by them as that region in which the great majority of the radar echoes 
from meteors occur, or as that region which has physical properties which 
sustain the ionization caused by the passage of a meteor. Though the average 
height of the M-region varies with time of the day, it may remain reasonably 
constant for about an hour during any part of the day. The M-region, at a 
particular time, may differ for meteors of different velocity but will be the 
same for meteors of a given shower. Thus the M-region, in this particular 
case, is the one centered at 90 km height above the ground. 


3. THEORY FOR THE ANALYSIS OF BODY DOPPLER 

In view of the previous investigations, we may assume that the meteor train 
moves chiefly in a horizontal direction in the upper atmosphere, and that the 
vertical drift can be considered negligible compared to the horizontal drift. 
With a horizontal velocity v given in m/sec, in a direction @ measured in 
degrees E. of N., each wave reflected from the train undergoes a doppler shift 
of +f,, which is given by 
(2) fa = 2v,/r, 

= (2v, cosh)/X, 
{2v cos(¢—A) cosh}/nX, 
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where X is the radio wavelength transmitted, v, is a horizontal component of 
v in the vertical plane passing through the midpoint of the meteor train and 
the observer (see Fig. 3), and v, is the component of v, along the line from the 
midpoint to the observer. Now using the values of v, obtained from equation 
(2) for each meteor, a graph can be drawn with values of v, plotted against 





oe 


Fic. 3. Diagram showing the motion of point J on the meteor train, in the horizontal 
plane through O, the overhead point at 90 km height. 


the values of A. If the prevailing wind in the upper atmosphere does not 
appreciably change in speed and direction, this plot should give a smooth 
cosine curve with a positive maximum when A = 4@, the corresponding value 
of v, being equal to the true velocity v. Thus it should be possible to determine 
the average prevailing wind at the average height of occurrence of the meteors 
for the 40-minute period of the investigation. In fact, in the present investi- 
gation, fy is taken as positive, and is assumed to be caused by the horizontal 
motion of the meteor train in a direction that is either ¢ or ¢+180°. 

If we define x and y as the right-angled coordinates in the horizontal plane, 
and z the vertical coordinate, then for any point on the meteor train at any 
given instant, measured from the observing station as origin, we have 


(3) R? = x°+y7?+2?, 


where R is the range of the point on the meteor train as observed from Ottawa. 
Now differentiating twice with respect to time and cancelling off the accelera- 
tions along the three directions of x, y, and z (assuming a constant velocity 
for the wind drift of this point), we obtain the relation 


(4) v°+R(dv,/dt) = v?+v/, 


gy- 
a 


where 2, is the vertical component of the true wind velocity, which is neglected. 
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The variation in v, is dependent on the variation in h with time, as the train 
moves. We also have 


(5) dv,/dt = (A/2)(dfa/dt). 


If the accurate value of the gradient df,/dt, caused by the motion of the train, 
and its sign could be determined from experiment, the value of wind velocity, 
v, can be easily obtained from equation (4) for each meteor observation. The 
direction of motion, ¢, is then given from the relation 


(6) Vv, = vcos(¢—A). 


It should be noted here that the motions of individual sections of the train 
may be different, and hence the doppler beat frequencies produced by the 
various sections along the train, reflecting the CW radio waves independently, 
would all combine at the receiving station. The effect of this is to produce a 
new interference frequency, f;, which is superposed on the average doppler 
frequency, fa, which corresponds practically to the motion of the midpoint of 
the train, at any particular instant. We can now write an expression for f; 
similar to equation (2), as 

(7) fi = 20/r\ = 04/5, 


as \ ‘= 9.994 m in this case; 2; is the differential velocity of two consecutive 
reflecting points along the train. The f; values given in Table I are in fact 
those averaged for the total echo durations. 

Let us now proceed to see how the theory outlined above can be applied 
to the observational data presented in Table I, to determine the prevailing 
wind at the 90 km level in the upper atmosphere from the observed values of 
fa, and to give proper interpretations to the observed values of dfg/dt and f;. 


4. RESULTS AND DISCUSSION 


(a) Prevailing Wind at the 90 km Level 

The values of v, for each of the eight meteors, observed in this investigation, 
are determined from the values of fg in Table I using equation (2), where 
\ = 9.994 m. These values of v, are then plotted on a graph against the corre- 
sponding values of azimuth, A. It has already been noted that these points 
should fall on a cosine curve, if the prevailing wind is reasonably constant for 
the 40-minute period of this investigation; and that the peak value of 2,, 
occurring at A = ¢ or ¢+180°, should give the true horizontal wind velocity, 
v, blowing in the direction of ¢° E. of N. Various cosine curves with different 
amplitudes were drawn on a transparent sheet, and this was slid over a plot 
of v, against A to get the best fit. Fig. + shows the plotted observations along 
with the best fitting cosine curve superposed on them. The values of v and @ 
corresponding to this figure are 
v = 54 m/sec, ¢ = 80° or 260° E. of N. 


One of the two peaks is in fact negative, and the angle ¢ actually corresponds 


to the value of A at the positive peak. A technique for detecting the ap- 
proaching and receding trains was developed later at Ottawa but was not 
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Fic. 4. Graph showing a plot of the various vp values against azimuth, A, with the best 
hitting cosine curve superposed. 


used in 1948. Hence it is not possible to identify the negative peak in this 
particular case. Nevertheless, by comparing these two values of ¢ with those 
of previous investigators at Ottawa, one of these two values can be selected. 
For example, the results of Chapman (1953) for the winter months of 1950 
and of McKinley (1956) for August 1948 favor the value of ¢ = 80°. Thus we 
may conclude that 


v= 54m/sec and @¢ = 80°E. of N. 


give the average prevailing wind for the period 0412 to 0452 E.S.T. on Dec. 
11, 1948, at a height of 90 km above the ground. This order of velocity is in 
good agreement with that of 50 m/sec for the 85 to 100 km region, obtained 
by Greenhow and Neufeld (1956). The average value of 35 m/sec obtained by 
Manning, Villard, and Peterson (1950) is lower and the average value of 
80 m/sec obtained by Chapman (1953) for the 100 km height is higher than 
the value reported in this investigation. The value of 119 m/sec obtained by 
McKinley (1956) for about 90 km level for a single meteor appears to be 
high compared to the present value. However, it is known that wind velocities 
at these levels fluctuate widely from time to time. One point that should be 
mentioned about the present results is the fact that range measurements are 
subject to a slight error owing to the finite pulse width (about 20 psec) of the 
transmission used. This error slightly affects the determinations of A and h, 
but does not seriously affect the velocity. It is interesting to note here that 
both sporadic and shower meteors may be used together in this method of 


wind determination. 


(b) Meteor Positions in Relation to the Shower Radiant 

The Geminid radiant was known to be active during the night of Dec. 
10/11, 1948, and it is of interest to see if the various meteors observed in this 
investigation belong to this radiant. The radiant parameters of this shower 
do not change appreciably during the 40-minute period between 0412 and 
0452 hours E.S.T. and hence on the average those at 0430 hours E.S.T. can 
be taken to be true for this total period. The following values are deduced 
for the position of the Geminid radiant at this time: 


9=Q° 


elevation of the radiant, #4, = 60° azimuth of the radiant, A, = 25! 
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Taking the average height of occurrence of meteors to be 90 km in this 
case, it is of interest to study the theoretical distribution of a (the angle 
between the meteor track and the line joining the observing station to the 
point in the meteor track at 90 km height) over the visible sky. This has been 
done by McKinley and Millman (19490) for a hypothetical case of h, = 45° 
and JJ = 100 km. A similar diagram of conic sections for h, = 60° and H = 90 
km is reproduced here in Fig. 5(b). This gives curves of constant a defined 
by the intersection of the layer at 90 km height with the cone of half-angle a 
and apex at the radar station. The maximum range (Rygx) recorded on the radar 
display was 300 km. Fig. 5(a) represents the vertical plane containing the 
radar station and the meteor path, in the ideal case when the radiant lies in 
the plane of the diagram. In Fig. 5(b) A, represents the azimuth of the radiant, 
knowing which, the N., E., S., and W. directions are also marked on the 
diagram. Now, from the data given in Table I, the positions of the eight 
meteors are plotted and identified by number on this diagram. 


(0) 


(b) 





CURVES @ = CONSTANT 


Fic. 5. (a) Diagram showing the vertical plane containing the meteor track and the radar 
station. (b) Diagram of conic sections in the horizontal plane at 90 km height, showing curves 
of constant @ and the positions of occurrence of the various meteors. 
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From examination of the data obtained by visual observations made during 
this night, it is found that meteor 2 is a non-shower meteor. The variation of 
a for meteors 1, 3, 4, and 5 is between 75 and 90 degrees, and hence these are 
quite likely to be Geminids. In fact, in the ideal condition, all meteors be- 
longing to the Geminid shower should cluster around the straight line repre- 
senting a = 90°. Point A’ in Fig. 5(d) represents the position of a hypothetical 
Geminid meteor whose path lies in the vertical plane containing the observer. 
Meteors 6, 7, and 8 have a value of a = nearly 30°, and radar reflections are 
normally not possible at that low value of a. Hence they are, quite likely, 
non-shower meteors. Thus at least four out of eight meteors recorded here 
may belong to the Geminid shower. 


(c) Rate of Drift of the Effective Point of Reflection along the Meteor Train 

It is now of interest to see if the observed values of df,/dt fit into equations 
(4) and (5) to give the correct order of velocity v. On the other hand, knowing 
the velocity v = 54 m/sec, the values of df,/dt that would be produced by the 
wind effect, corresponding to each value of v, in Table I, can be calculated 
and verified with the observed values of df,/dt. Thus the observed and cal- 
culated values of df,/dt for the eight meteors recorded here are presented in 
Table II, from which it can be easily seen that the calculated values are much 
too low in magnitude, compared to the observed values. The calculated 


TABLE II 


OBSERVED AND CALCULATED VALUES OF df,/dt 


No. of the Observed Calculated 





meteor dfa/dt dfa/dt 
l —().42 0.0020 
2 0.23 0.0042 
a 0.20 0.0020 
4 —0.90 —0.0004 
5 0.58 0.0012 
6 —0.27 0.0009 
a 0.05 0.0036 
8 -—0.37 0.0008 


values, here, are obtained from the assumption that fg values are positive. 
It may be noticed that the small order of values of dfy/dt that would be caused 
by the motion of the meteor train due to the wind cannot be detected in this 
experiment. Further, the values of df;/dt actually observed from the doppler 
records, which are comparatively very high, are definitely not caused by the 
wind motion of the meteor train. Now modifying equation (4) to accommodate 
this observed effect, we may write 

(8) v°+R(dv,/dt)+R(dV,/dt) = ’?+V? 

where dv,/dt and dV,/dt indicate the values due to the wind effect and the 
secondary cause respectively, and V is the new velocity which has to be 
accounted for by this secondary cause. Now subtracting equation (4) from 


equation (8), we get 
(9) R(dV,/dt) = V?. 
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Only the magnitude of the observed value of dfz/dt has to be used in equation 
(5) to get the new value of dV,/dt for substituting in equation (9), or other- 
wise we get an imaginary quantity for V, which is not possible. Using this 
equation in the case of meteor 6, we obtain V = 483 m/sec, which is quite a 
high value compared to the order of wind velocities in the 80-100 km region. 

In fact, owing to the effect of diffusion of the ionization in the meteor train, 
the total effective length of the train goes on decreasing. From the theoretical 
ionization curves for meteor trains (Clegg 1952), it will be seen that the ionic 
density is a maximum somewhere along the length of the train, and decreases 
outwards on either side of this point. Thus the disappearance of ionization due 
to diffusion progresses from either end of the train inwards towards the maxi- 
mum echo duration level. If the result of the combination of the echoes from 
the various sections of the train be visualized as equivalent to an echo from the 
effective point of reflection, which may in general coincide with the midpoint 
of the effective length, then the aforesaid effect may be transformed into that 
of the drifting of this effective point of reflection towards the level of maximum 
echo duration along the meteor train. Actually the position of the maximum 
ionization will be much lower than the midpoint of the train (Clegg 1952), so 
that the effective point of reflection generally moves down the length of the 
train with time. The high velocities of V may now be explained as being the 
rates of drift of the effective points of reflection in the different cases. 

Now, it will be of interest to see if equation (9) can be derived theoretically. 
Let the effective point of reflection on the meteor train, at any particular 
instant, be at a distance R from the observing station and at a distance s 
along the train from the Rp point of normal incidence of the radio waves. From 
simple Pythagoras theorem, it follows that 


(10) R= Re+s?. 
If s is small compared to Ro, we have 
(11) R = Rot+(s?/2Ro). 


Now differentiating this with respect to time, and writing V, = dR/dt, and 
V = ds/dt, we have 


(12) Ry. Vr =s.V. 


Further differentiating this with respect to time, and assuming J’ to be con- 
stant, we have 


(13) Ri(dV,/dt) = V?, 


which is the same as equation (9); only the previous R values referred to in 
Table I should be approximated to Ro. 

From Equation (12), we see that if V is constant for any meteor, V, is 
directly proportional to the distance, s, of the effective point of reflection from 
the Ry point along the train. As the effective point of reflection generally 
moves down, the sign of the gradient dV,/dt simply depends upon the position 
of Ry point on the train, relative to the other point. The smooth linear variation 
of the average f; with time in Fig. 2 indicates that s is decreasing as the 
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effective point moves, or that the Ry point is at, or lower than, the maximum 
duration level. More observational evidences for different types of gradients, 
caused by different relative positions of the aforesaid points on the train, 
have been obtained by the author from the doppler records taken at the South 
Gloucester station during 1948-50 in support of this phenomenon of the move- 
ment of the effective point of reflection along the meteor train. These will be 
reproduced in another paper, which deals with the theoretical aspects of this 
problem in more detail. This regularity of the observed values of the gradients 
of dV ,/dt, even in the case of 1-second duration meteors, indicates indirectly 
that soon after its formation the meteor train offers several reflecting points 
closely distributed along its length. The origin of this may be the large scale 
turbulence or wind shears of the order of 1 km or more (Manning and Eshle- 
man 1957) existing in the 80-100 km region of the upper atmosphere. 

As the afore-mentioned phenomenon is actually an effect of the meteor 
train duration, these velocities V should possibly be some function of the 
total echo duration in each case. To verify this, the various values of V thus 
obtained are plotted in Fig. 6 against the corresponding values of echo duration, 
as obtained from the doppler records. An average curve drawn through all 
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Fic. 6. Graph showing a plot of the various V values against the total durations, with a 
smooth curve drawn through the points. 


these points in this graph shows that as duration increases, this velocity V 
decreases. This fact is found to be true from more observations, which are 
presented in another paper, to which reference has already been made. 
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(d) Probable Cause of the Periodic Fluctuation Observed in the Main Doppler 
Frequency 

It has already been mentioned that periodic fluctuations ranging between 
1.2 and 2.8 c.p.s. are generally observed in the /,-t curves. These fluctuations 
are possibly due to the effect of interference between the CW radio waves 
reflected from the various centers of reflection distributed (with separations 
of | km or more) along the train. The existence of these various centers ot 
reflection has to be postulated to explain the observed phenomenon of drift 
of the effective point of reflection along the train towards the maximum echo 
duration level. This postulate appears to be compatible with the existing 
knowledge of meteor phenomena. Recently, Manning and Eshleman (1957) 
have pointed out that the pertinent properties of both long as well as short 
duration echoes result from scales of atmospheric turbulence of about 1 km 
and larger, similar to the distortions of meteor trains photographed by 
Whipple (1953). Greenhow (1952a) has found that the average delay in the 
start of fading observed in the intensity of meteor echoes is about 0.4 second 
after the train formation. The average frequency of high speed flutter observed 
by Greenhow (1950) on 36 Mc/sec is 11 c¢.p.s. in echo durations up to 32 
seconds. Following Herlofson (1948), McKinley and Millman (19495), and 
Ellyett (1950), he assumed that this flutter fading is due to the interference 
between the waves reflected from the various sections of the train. These 
sections have been supposed to offer right angle reflecting points to the 
observer, owing to the deformations of the train by turbulent winds. Green- 
how’s work suggests that these deformations of the train, at a time interval of 
0.4 second after its formation, are sufficient to cause radio reflections from 
different sections of the train. 

An attempt has been made to see if the fluctuation frequencies /;, observed 
in the present investigation, are related in any way to the frequencies of 
fading observed in the echoes of pulsed radar range-time records. R-t records 
photographed on a 35 mm film moving at a fast speed of 30 inches per minute 
show clearly the intensity modulations superposed on the meteor echoes. 
Analysis of about 80 meteors observed on June 26, 1948, during 1215-1245 
hours and 0115-0145 hours E.S.T. shows that the fading frequencies observed 
initially at about half a second after the beginning of the echo, range between 
1 and 15 c.p.s. The upper limit of this range steadily decreases to about 5 c.p.s. 
at durations over 10 seconds. From about 80 observations of the f; values ob- 
tained from the body doppler records taken during the Geminid shower periods 
of 1948-50, it is found that the average value of f; decreases with time from 
about 3 c.p.s. at a time of about 0.5 second after the train formation to about 
| c.p.s. at durations of about 20 seconds. Thus the general tendency of decrease 
of the frequency with time is observed in both the above cases. In fact, owing 
to the limitations of period measurements of body doppler beat waves, values 
of f; greater than fg values cannot be detected in the present method. This 
possibly explains the higher limit for the observed values of f;, which is only 
6 c.p.s., obtained from the 80 doppler observations referred to above. The 
flutter frequencies of 5 to 10 ¢.p.s. superposed on random fluctuations have 
been observed on 32.7 Me/see by McKinley and Millman (19498). The random 
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fluctuations, referred to here, will have lower frequencies than their flutter 
values, and are probably the same as the f; values observed in doppler records. 

The origin of the variation of these two types of frequencies with time within 
the duration of echo is not completely understood. However, a knowledge of 
this may give a clue to the origin of each of the above two types of fluctuations. 
It can be seen from equation (7) that the average f; values of 3 c.p.s. and 
l c.p.s. are caused by differential velocities of 15 m/sec and 5 m/sec respec- 
tively. Assuming an average vertical wind velocity gradient of +5 m/sec km 
at any position in the M-region, following Greenhow (19520), the average 
height difference between any two reflecting points would then be 3 km and 
1 km corresponding to f; values of 3 c.p.s. and 1 c.p.s. respectively. Liller and 
Whipple (1954) pointed out that high gradient values up to 50 m/sec km are 
also observed. In such cases, vertical scales of turbulence of 0.1 km—0.6 km 
would be responsible for producing f/; values of the order of 1 c.p.s.-6 c.p.s. 
It has already been mentioned that f; values up to 6 c.p.s. have also been 
observed at the beginning of echo durations. But assuming the general picture 
of Greenhow to be an average case, f; values of 1-6 c.p.s. would be caused 
by scales of turbulence of 1-6 km respectively. Thus it is suggested that at 
the beginning of the echo duration, large scale wind shears of the order of 6 
km may predominate in causing sufficiently large scale deformations in the 
train to cause radio reflections from different sections. With the advance of 
time, smaller scale wind shears of the order of 1 km may slowly gain im- 
portance, and produce several reflecting centers along the train. Large scale 
wind shears are known to be present in the upper atmosphere where meteors 
occur. Several visual observations, on long enduring meteor dust trains, have 
been reported from different parts of the world (Trowbridge 1907; Fisher 1926; 
Millman 1938; Stérmer 1939; Olivier 1942; Nielsen 1953). These observations 
show that meteor trains are invariably distorted into wavy or helical shapes 
in course of time after their initial formation into a straight line. From a 
collection of about 77 observations on S-shaped long-enduring meteor trains, 
Millman and Bernstein (unpublished) have found that the most probable 
spacing between successive bends of opposite sense is about 8 km. Much 
photographic evidence (Monnig 1939, 1944; meteor train over Puerto Rico 
1947; Astopowitsch and Fedynsky 1940) for the presence of these large scale 
wind shears has also been reported. From results of photographic work on 
long enduring meteor trains occurring in the 81-113 km region of the upper 
atmosphere, Liller and Whipple (1954) have suggested that about half the 
kinetic energy of the high altitude winds is contained in large-scale systematic 
motions and the other half in shallow (8-10 km) eddies. From the illustrations 
of the variation of wind velocities with height presented by them, it is clear 
that wind shears of the scale of 1 km are also present in the 80-100 km 


region. 

There is still one more possible method of the production of more than one 
reflecting point on a meteor train. Flares (Jacchia 1949) are known to occur 
frequently in bright meteors. These may produce dense blobs of ionization, 
at different positions along the train, which may independently reflect radio 
waves towards the observer. Jacchia has pointed out that flares are found 
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more frequently in meteors with high and with low velocities than in those 
with average velocities (log v between 6.55 and 6.75). He has also pointed 
out that low velocity meteors may have any number of flares, while the 
fastest meteors, as a rule, have only one flare, if any, at the end of the trail. 
Thus flares may also play an important role in a low velocity meteor in pro- 
ducing different points of reflection along its length. In the case of Geminid 
meteors having a velocity of 35.3 km/sec, i.e., log v = 6.55 (McKinley 1951), 
flares may or may not occur, and if they do occur, their number in each case 
may be more than one. 

However, from the results of the present investigation, it seems more 
likely that large-scale turbulence, of the order of 1 km, is mainly responsible 
for the production of several points of reflection along the length of most 
meteor trains. These points may be closely and evenly distributed (of the 
order of 1-km separation). Large-scale wind shears of the order of 6 km will 
probably play an important role at the beginning of echo durations. In the 
case of some of the Geminid meteors, there is also the possibility of the occur- 
rence of flares producing the effect of fading, besides the mechanism of tur- 
bulent winds producing a similar effect. 
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MEASURED SELF-IMPEDANCE OF A DIPOLE ANTENNA NEAR 
A CONDUCTING CYLINDER OF ELLIPTICAL CROSS SECTION! 


J. Y. WonG 


ABSTRACT 


This paper presents the results of an experimental investigation of the im- 
pedance of an axial dipole antenna located near a conducting cylinder of elliptical 
cross section. Measurements were carried out for various spacings of the antenna 
from the cylinder along the major and minor axes, and for four different values of 
cylinder ellipticity. 

For a cylinder having a maximum dimension of 0.76 wave length it is found that 
the impedance (resistive and reactive components) is an oscillating function of the 
antenna-to-cylinder spacing, having a pericd of approximately one-half wave 
length. For spacings greater than one wave length, the impedance is within 5% 
of the free-space dipole impedance. 


INTRODUCTION 

This paper presents the results of an experimental investigation of the 
self-impedance of an axial dipole antenna located near a conducting cylinder 
of elliptical cross section. Practical applications of this problem often arise in 
the determination of a nearby object on the impedance characteristics of an 
antenna. As an example, parts of a ship’s superstructure, for example a stack, 
can sometimes be approximated by a cylinder of elliptical shape. 

The radiation pattern problem of a dipole near a conducting cylinder has 
been treated analytically by Carter (1943) for circular cylinders, and by 
Sinclair (1951) for elliptical cylinders. Because of their methods of analysis, 
information about only the real part of the impedance, that is, the radiation 
resistance, can be obtained. Lucke (1951), employing a Green’s function 
method of solution, has derived expressions for the near field of the antenna 
as well as for the radiation field. Hence, in theory the complete impedance 
function of the antenna can be found. In practice, however, evaluation of the 
complex integral expressions presents an extremely formidable problem, and 
to the author’s knowledge, no satisfactory solution has ever been achieved. 
Some measurements for the circular-cylinder case have been published by 
DuHamel (1951), and in this paper the measurements have been extended 
for a conducting cylinder of elliptical cross section. 


IMPEDANCE MEASUREMENTS 

The investigation was carried out at a frequency of 1500 Mc/s using the 
image-plane technique. The experimental arrangement is shown in Fig. 1. 
Measurements were conducted for various antenna-to-cylinder spacings s 
along the major and minor axes of the cylinder and for four different values of 
ellipticity (a/b ratio), viz., circular cylinder, 2:1 cylinder, 4:1 ellipse, and a 

‘Manuscript received March 12, 1958. oat 
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CONDUCTING ELLIPTIC CYLINDER 





WIRE MESH GROUND 
PLANE 5'x 5' 


MONOPOLE ANTENNA 





SLOTTED 
SIGNAL LINE 


GENERATOR 


Fic. 1. Experimental arrangement illustrating cylinder and monopole antenna. 


flat plate. For all cases the maximum cross-sectional dimension of the cylinder 
was held constant, having a value of 0.76 wave length, and the height of the 
cylinder was arbitrarily chosen at 1.5 wave lengths. A one-quarter wave length 
monopole antenna of length 0.225 wave length was employed. 


DISCUSSION OF RESULTS 
The effect of antenna-to-cylinder spacing on the self-impedance, for an 
antenna located along the major axis, is illustrated in Fig. 2. The resistive 
and reactive components of the impedance are plotted as functions of the 
spacing for the four different shapes of cylinder. It is observed that the im- 
pedance is an oscillating function of the distance of the antenna from the 





60 
MONOPOLE 
| ! ib ANTENNA 

50 +#— -— e—o CIRCULAR cYLINbER | OT ¥ 

| 2:1 ELLIPSE | k 
| ; es 4:1_ ELLIPSE | > Pa 

40 — ae eee a | | 

30 4 wae t - 5 = ie ee 
o fe | 
= 
3 120 
=< Ss 
ow 
c 


-10}- : S See il Ranta a asad ial ahd is la Neck caste a aa au he, A 


-20 


ol 
| FREE-SPACE REACTANCE 


| 
-30 


Fic. 2. Effect of antenna-to-cylinder spacing on impedance, for antenna on major axis. 
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cylinder, having a period of approximately one-half wave length. For spacings 
greater than about one wave length, the impedance is within 5°% of its free- 
space value. 

Fig. 3 applies to an antenna located along the minor axis of the cylinder. 
Comparison with the previous curve reveals that the impedance is less sensitive 
to cylinder ellipticity. For a given spacing, therefore, it appears that the effect 
of the cylinder on the impedance is dependent on the rate of change of curva- 
ture of the cylinder surface. 
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Fic. 3. Effect of antenna-to-cylinder spacing on impedance, for antenna on minor axis. 








CONCLUSION 
Measurements have been carried out to determine the effect of the presence 
of a conducting cylinder of elliptical shape on the self-impedance of a dipole 
antenna. It is found that the impedance is an oscillating function of the 
antenna-to-cylinder spacing, having a period of approximately one-half wave 
length. For spacings greater than one wave length, the impedance is within 
5°% of its free-space value. 
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ON THE FLUORESCENCE OF AIR, EXCITED BY FAST 
ELECTRONS: LIGHT YIELD AS A FUNCTION OF PRESSURE! 


A. E. Grtn 


ABSTRACT 


The fluorescence of air was excited by electrons of 4.2 to 43.7 kev and the light 
intensity Jy was measured by a 1 P 28 photomultiplier tube. The energy W trans- 
ferred from the electrons to the gas molecules in a defined space could be ac- 
curately measured. The light yield, as defined by ® = J;/W, was experimentally 
determined as a function of the gas density p, or pressure p, respectively. The 
result is: 1/@ + p/p’ with p’ = 11.5 mm Hg. 


INTRODUCTION 

The fluorescence of a gas which is excited by a beam of fast electrons has 
recently been utilized to measure gas densities in a wind tunnel. The local 
density p in an inhomogeneous stream of gas can be determined by measuring 
the intensity J, of the fluorescence for each spot (Schumacher and Griin 
1955; Schumacher and Gadamer 1958). 

The idea of the method may be expressed as follows: a definite space with 
volume V containing a gas with density p is traversed by fast electrons. Within 
this space, the electrons lose a fraction W of their energy to the gas molecules. 
A certain proportion of this fraction W appears again as fluorescence, with 
intensity J,. The ratio 
(1) I,/W = ® 


will be called the light vield. J; and W may be determined in watts. Usually 
I, will be measured only for some limited spectral range AX, and the corre- 
sponding light yield refers to the same limited spectral range. 

It is assumed that the volume (V) of space under observation and the 
temperature (7) of the gas are kept constant, whereas the density p and the 
pressure p of the gas are varied. It is also assumed that changes in the direc- 
tional and energy distribution of the primary electrons are small, in spite 
of the variation of the density p.* Then, the energy W which is transferred 
to the gas will be proportional to the density p and we get for the fluorescence 
intensity 


(2) Is(p) « B(p) Xp. 


Here, the function #(p), representing the light yield as a function of the gas 
density, is still unknown. It was the purpose of the present investigation to 
determine the function &(p) experimentally. 

The measurement of gas density using the fluorescence intensity becomes 

1Manuscript received March 25, 1958. 

Contribution from the Institut fiir Kernphysik der Johann Wolfgang Goethe Universitat, 
Frankfurt/M, Germany. 

*In the gas density measurements by Schumacher et al., this requirement is fulfilled because 
the electrons, forming a confined beam, lose only a fraction of their energy in passing the space 
element which is determined by the optical devices used for the observation of the fluorescence. 
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most simple if (p) becomes a constant, or if the dependence of & on pcan be 
neglected. It was to be expected and it has been confirmed by the present 
measurements that for low densities the light yield © is nearly independent of 
the gas density p. However, this is no longer true at higher gas densities, when 
radiation free quenching processes begin to compete with the emission pro- 
cesses. In turn our experimental determination of the functions @(p) and (p), 
respectively, is of interest not only in connection with gas density measure- 
ments but also in studying such quenching processes. 


REMARKS ON THE FLUORESCENCE MECHANISM 

To understand the experiments better, we shall first discuss briefly some 
details of the fluorescence mechanism using a somewhat simplified model, 
although our experiments are quite independent of any assumptions on this 
mechanism. 

Let us designate by NV (cm~*) the number of neutral molecules in the gas. 
Under the influence of a stationary bombardment by the electrons with 
current density j a stationary content of C (cm~*) excited molecules is pro- 
duced. In the experiments the condition C < N is always met. For simplicity 
C is taken to refer to one particular quantum state only. If A (sec™') is the 
frequency factor for the emission of radiation, A (cm=* sec!) the number of 
quenching processes, and v (cm~* sec!) the rate of production of excited mole- 
cules, the following relations exist: 


(3) I(cm~*) « CXA, 


expressing the spontaneous emission of radiation with a time constant 1/A. 
(Note: A is independent of V.) 

(4) A=6CN =kC 

as the expression for a bimolecular quenching reaction, 6 being the “quenching 
speed,”’ k being the velocity constant of the reaction (dependent upon JN). 
Obviously, this expression implies that reaction rates between two excited 
molecules, or an excited molecule and secondary products, e.g. ions, are 
negligibly small. 

(5) v—C(A+k) = 0 or C = v/(A+R) 

expressing the stationary state. 

We can assume that vy « JV holds independent of the current density 7 of the 
electrons, as long as C « N and as long as the primary electrons entering the 
space under observation possess energies of some 100 ev or more. 

It follows: 


(6) IT,« CXA = v/(1+k/A) « W/(1+k/A), 
and from (1) and (6): 
(7) 1/@ « 14k/A. 
Since k = 6N = 6NoXp/po, and if we introduce a reference pressure 


pb’ = po A/ Nod, we get from (7): 
(8) 1/@ « 14p/9’. 
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This is a linear function for the pressure or density dependence on the 
reciprocal light yield ®, (At p’ the light yield has dropped to 50% of its 
maximum. ) 

The model is, of course, oversimplified. We must keep in mind that it is 
valid for one quantum transition only. If several transitions are contributing 
to the observed fluorescence, then p’, for instance, will depend upon the 
spectral response curve of the light detector, etc. 

However, as we shall see, equation (8) can represent the experimental 
results very well. 


EXPERIMENTAL METHOD 

The experimental method employed here was in principle that used by 
the author (Griin and Schopper 1954) to measure the light vield of gases 
excited by alpha-particles. The apparatus used in the present experiments is 
described elsewhere (Griin 1956, Fig. 3). 

A parallel, narrow beam of electrons is formed in the vacuum and fired 
into the gas through dynamic pressure stages. The volume V of the gas chamber 
is kept large so that nearly all the electrons are stopped in the gas. This is 
accompanied by the usual scattering.* The main advantage of this arrangement 
is that the energy W, introduced into the gas, can be determined very easily. 
It is given by the product of the acceleration voltage U» of the electrons and 
of the electron current J. Electron source and gas chamber were especially 
designed to allow a reliable, accurate measurement of the current J entering 
the chamber (see Griin 1956). 

The temperature of the gas is kept constant and the pressure p varied in 
order to change the gas density. At the same time, the acceleration voltage Uo 
is varied in order to keep the range Ro of the electrons in the gas at a constant 
value for all pressures. It has been demonstrated that the scatter distribution 
is nearly the same for a wide range of energies Uy, provided Ro is the same 
(Griin 1956). Therefore, if Ro is kept constant as stated, the small fraction of 
electrons which are backscattered into the source is constant throughout the 
experiment, and does not cause errors. 

Evidently, neither the current density 7 nor the electron energy U are 
constant throughout the gaseous space which is under observation. This, 
however, does not constitute any drawback of the method, as long as the 
light yield ® is independent of 7. We considered this independence as fulfilled 
throughout the observation space as long as the value obtained for ® was 
independent of the current J. This independence was always checked. 

In our experiments the intensity of the fluorescence is measured by a 
photomultiplier tube of type 1 P 28. It is located at a distance of about 40 Ro. 
Hence, the light source can be considered to be a point source and the photo- 
current 7, is proportional to the total light emission in the observation space. 


*In the experiments by Schumacher et a/. (1958) it was more important to get contined electron 
beams with negligible changes of the beam characteristics across the observation field, hence, 
e.g. negligible changes in dW/ds. However, the same function ® applies. 
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The photomultiplier tube has been checked for linearity and its sensitivity 
has been regularly watched, using a constant light source. 


RESULTS 

The function ®(p) for the light yield of air of 20°C was obtained within 
the pressure range from 10 to 600 mm Hg. The energy of the primary electrons 
was varied between 4.2 and 43.7 kev in order to keep the range of the electrons 
at Ro = 3.5 cm. The electron current used was 1.7 to 5.0/yva. The maximum 
current density encountered under these conditions was jp = 25/ya/mm?. 
The power W assumed values between 7.2 and 218 milliwatts. 

An active area of 8X8 mm of the cathode of the photomultiplier tube was 
selected by an aperture. Its distance from the axis of the electron beam was 
144 cm. The spectral response of the cathode was of the type S-5. A plate glass, 
6 mm thick, was located in the path of the light (window of the observation 
chamber). 

Fig. 1 represents the experimental values of the function 1/# plotted 
against p. The scale of the ordinate is chosen to obtain 1/@ = 1 for p = 0. 


4 
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Fic. 1. Reciprocal light yield 1/# as a function of pressure p, for air of 20°C. Experi- 
mental values. 


Within experimental error 1/® is a linear function of p, as expected according 
to (8). The line that fits the data has an equation 

(9) 1/@ = 14+)p/11.5 

giving an experimental value p’ = 11.5 mm Hg. This is an average over a 
large spectral range. Other measurements, where ® will be determined for 
single spectral lines are under preparation. 
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Some conclusions can be drawn from (9). For p < p’ or p & 11.5 mm Hg 
we can write 
(10) & = 1—p/p’. 

Hence, if we treat ® as a constant the relative error will be in the order of p/p’ 
(provided (9) holds to very low pressures). For p = 0.1 mm Hg we can expect 
an error below 1%. 

The influence of the temperature T is not yet considered. In a flowing gas 
T may vary considerably. Earlier measurements (Griin and Schopper 1954) 
have shown that the influence of T on ® is small. It can most probably be 
neglected as long as p < p’. 
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THE CROSS SECTION FOR THE REACTION Cs'(n, y)Cs'%*! 


A. P. BAERG, F. Brown, AND M. LouNSBURY 


ABSTRACT 


The effective cross section for the reaction Cs!® (n, y) Cs with reactor 
neutrons is 10.4+0.5 barns. The measured reaction rate under cadmium yields 
a value of 61.7+2.3 barns for the resonance integral of Cs. The thermal 
cross section is 8.7+0.5 barns as obtained by combining the reaction rates 
for uncovered and cadmium-covered samples. 


INTRODUCTION 


The neutron absorption cross sections of long-lived fission products are of 
importance in predicting the reactivity of nuclear reactors in which prolonged 
irradiation of fuel is contemplated. One such fission product is Cs which has 
a half-life of about 2X 10® years and in addition has a high yield of 6.3% in 
U** fission (Steinberg and Glendenin 1956). Neutron capture leads to Cs! 
which is reported to decay to stable Ba!®* by 6- emission with a half-life of 
12.9 days (Olsen and O’Kelley 1954). Assuming that there is no isomeric 
state and no decay by electron capture in Cs'*, then the activation cross 
section of Cs! to the 12.9 day activity should represent essentially all of the 
Cs'® neutron absorption cross section. The activation cross section of Cs! 
has been measured previously and found to be 15+8 barns (Sugarman 1949). 
A more accurate value for this cross section was desired. 


METHOD 


Fission product cesium which has been allowed to decay for several months 
contains Cs!** (stable), Cs! (210° yr), and Cs! (30 yr) in approximately 
equal proportions, together with a much smaller proportion of Cs! (2.19 yr). 
The radioactivity of such a sample is due almost entirely to Cs'*”; the Cs! 
contribution to the activity of the present sample was <1% (based on the 
mass spectrometric analysis) and the Cs" contribution negligible. If such a 
sample is irradiated in a high neutron flux, the reaction Cs!°(n, y)Cs™* pro- 
duces sufficient of the 12.9-day activity for this to be B-counted in the presence 
of the Cs'*7, and its decay observed. From the resulting decay curves the 
ratio of Cs'** ; Cs!" in the irradiated sample can be obtained. If the Cs!” : Cs!® 
ratio of the original sample is known from mass spectrometric analysis, the 
Cs! ; Cs! ratio of the irradiated sample is thus found and, knowing the 
neutron flux and the times of irradiation and decay, the cross section for the 
reaction Cs!(n, y)Cs6 can be calculated. The neutron capture cross section 
of Cs!*7 is <2 barns (Hughes and Harvey 1955) and thus its concentration is 
not sensibly altered by the neutron irradiation. The amount of Cs! produced 


1Manuscript received April 2, 1958. 
Contribution from Research Chemistry Branch, Atomic Energy of Canada Limited, Chalk 


River, Ontario. 
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by the reaction Cs'(n, y)Cs" is also negligible within the accuracy of the 
present experiment. 


EXPERIMENTAL 


Purification of Starting Material 

The fission product cesium, which was at least one year old, was purified 
as follows. The solution containing 2 mg cesium in 8 N hydrochloric acid 
was first passed through a Dowex A-1 anion exchange column. The effluent 
containing the cesium was evaporated to dryness, the residue dissolved in 
0.1 N hydrochloric acid, and the cesium absorbed onto a column of Dowex-50 
cation exchange resin (200-400 mesh, 8% cross linkage) 10cm long by 0.6 
cm diameter. This column was washed with hydrochloric acid using successively 
10 ml of 0.1 N, 5 ml of 0.5 N, and finally 1.0 NV. The cesium appeared after 
12 ml of the 1.0 N acid had been passed through the column and was con- 
tained in about 8.0 ml of this eluant. These conditions are such as to separate 
cesium from other cations including sodium, potassium, and rubidium (Cabell 
and Smales 1957). The cesium solution was evaporated to dryness and dis- 
solved in 2 ml of water containing 20 of concentrated sulphuric acid. This 
solution thus contained approximately 1 mg/ml of cesium and was used to 
prepare samples for irradiation. A 20-fold dilution of this solution was used 


for mass spectrometer analysis. 


Mass Spectrometry 

A 60°-deflection, 8-in.-radius mass spectrometer (Lounsbury 1952) with a 
mass resolution of 0.30% was used for this work. The thermionic emission ion 
source employed a tantalum ribbon filament (0.001 in. X0.030 in. X0.250 in.) 
mounted on pickled Kovar terminals. One-tenth microgram of cesium con- 
tained in 2 microliters of sulphate solution was dried on the filament by passing 
a current of about 1 amp through it in air. The sulphate was chosen rather 
than the nitrate because of the higher melting point of the former. 

The loaded filament was mounted in the ion source, and by differential 
pumping, the mass spectrometer tube was evacuated to about 2X 10-7 mm Hg 
as indicated by the ionization gauge. Ions of Cs+ were detected when a current 
of 0.7 amp d-c. was passed through the filament. The ions were accelerated 
to 8000 v energy, collimated in a beam, and separated according to mass in a 
magnetic field of about 7500 gauss. The mass spectrum was scanned magnetic- 
ally, and the ion current was amplified by a vibrating reed electrometer. The 
output from the amplifier was fed through a calibrated attenuator system to 
a fast (0.8 second full-scale response) Speedomax recorder. The mass spectrum 
was scanned slowly (10 seconds per peak) and continuously in the direction 
of increasing and decreasing mass alternately. 

The results obtained from 70 recorded mass spectrograms are presented 
in}Table I(a) for the three major peaks. An upper limit of 0.03 atom % was 


put on the abundance of Cs™. 


Trradiations 
Samples for irradiation were prepared by evaporating 2-4. of solution 
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TABLE I 


EXPERIMENTAL DATA 


(a) Mass analysis of unirradiated sample 


Mass Abundance 
(atom ©) 


133 43.71+0.20 
134 <0.03 
135 21.79+0.05 
137 34.49+0.05 
(6) B-Counting and irradiations 
Uncovered Cadmium-covered 
irradiation irradiation 
Catt / Cee Source a 0.3475 Source a 0.04289 
(ratio of observed activities at end of 6 0.3377 "  —b 0.04463 
irradiation, not corrected for Ba!’?™) es c 0.3610 
Mean: 0.349+0.008 Mean: 0.0438 +0 .0008 
Co® activity (2.06+0.01) X 108 (5.57 +0.03) X 10° 
(disintegrations /sec ) 
Weight Co®*® monitor 1.150+0.005 1.150+0.005 
(milligrams ) 
Duration of irradiation (1.67+0.03) X 10° (1.67 +0.03) X 10° 


(seconds) See Note (1) 


Note (1). The error in these figures does not arise from the measurement of the total ‘in pile’ time but rather 
from the occurrence of short reactor ‘shutdowns’ and small periods of varying reactor power which affect the 


calculation of the saturation factor (l-e Not As. The two irradiations were not carried out simultaneously, 


although the irradiation times were identical. 


(2-4 ug cesium) onto about 100 mg of pure ferric oxide in a small, thin walled 
silica tube and then sealing the tube. The use of the iron oxide matrix, which 
is soluble in hydrochloric acid, prevents loss of neutron capture products 
by recoil into the insoluble silica. Irradiations of up to 3 weeks’ duration 
were carried out in a high neutron flux position of the NRX reactor (6X 10" 
neutrons/cm? sec) and the samples were accompanied by standard cobalt 
wire flux monitors. The activities of the monitors were measured in an ion 
chamber which had been standardized against a 42 B-counter. Details of this 
system of neutron flux monitoring are given by Jervis (1957). A sample was 
also irradiated under cadmium, and for this irradiation the sample and 
monitor were placed inside a cadmium box of 0.040 in. wall thickness and 
irradiated in a position similar to that used for the uncovered sample. 


Purification of Irradiated Material 

The irradiated cesium was purified as follows. The iron was removed by 
passing a solution of the sample in 8 N hydrochloric acid through a Dowex 
A-1 column (38cm long by 0.6cm diam. using resin of 200-400 mesh size 
and 4% cross linkage). The effluent was evaporated to dryness and the 
cesium purification described above was carried out. The cesium solution 
thus obtained was designated “first purification.’”” A portion was set aside 
for source preparation and the remainder was further purified as follows. 
Cesium carrier (1 mg) was added and a silicotungstate precipitation carried 
out (Bartholomew and Baerg 1956). The cesium was recovered from the 
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precipitate by dissolving in 2 M lithium hydroxide and passing the solution 
through a column of Dowex-50 in the lithium form. The column was washed 
well with 0.1 N hydrochloric acid to remove lithium and the cesium was then 
stripped off with 6 N acid. This solution, designated ‘second purification,” 
was evaporated to dryness, re-evaporated several times with a little concen- 
trated nitric acid, and taken up in dilute nitric acid for source preparation. 
Cesium chloride is deliquescent and makes unsatisfactory sources; the first 
purification solution contained such a small weight of cesium chloride that 
no trouble was encountered, but the second purification solution, containing 
carrier, had to be converted to cesium nitrate. 


Counting 

Sources for 44 8-counting were prepared by evaporating aliquots onto 
VYNS films (10 ug/cm?) coated with gold (10 ug/cm*) (Pate and Yaffe 1955). 
The dried sources were covered with a similar film. Two 42% counters of the 
methane-flow proportional-type were used. Such counters should have the 
same efficiency for Cs* and Cs'*7 to within 1% and this accuracy is more 
than sufficient for the present experiment. The corrections required to the 
counting data were (a) for counter dead time (5 usec) and (6) for the con- 
version electrons of Ba!*’”"; this involves multiplying the observed Cs!” 
activity by a factor 0.909 when calculating numbers of Cs'7 atoms (Brown, 
Hall, and Walter 1955). The counting rates were in the order of 1-3 103 
counts/sec and by taking long counts (10-30 minutes) the statistical accuracy 
of the counting data was made very high. The sources from each experiment 
were counted over a period of about 5 weeks. The treatment of data is dis- 
cussed in the next section. 

Sources for y-ray spectroscopy were prepared on aluminum trays and exam- 
ined with a 13 in. Nal crystal, photomultiplier, and multichannel kicksorter. 


RESULTS AND DISCUSSION 

It was necessary to obtain, from the 8-counting data, the ratio of the Cs! 
activity at zero time (end of irradiation) to the Cs!" activity (constant over 
the times involved). The Cs'* contribution was not large—about 30% of the 
Cs"? activity for the uncovered irradiation and about 4% for the cadmium- 
covered irradiation. The treatment used was to plot the measured activity 
on a linear scale against e~*' where A, is the decay constant of Cs!** and ¢ 
the time elapsed since the end of irradiation. Provided that Cs" is the only 
decaying species and that the chosen value of Xs is correct a straight line 
should result. The intercept of this line at e~*! = 0 is the constant Cs'* 
activity and the slope is equal to the Cs" activity at ¢ = 0. Fig. 1 shows 
such a plot for a source from the uncovered irradiation. The value of \.— used 
was 6.219 X 10-7 second corresponding to a half-life of 12.9 days. However, 
the values of the Cs"? and Cs" activities obtained from such a plot are not very 
sensitive to the half-life value used for Cs'*. For example, a 5% error in this 
half-life causes an insignificant error in the relative activities. The points lie 
on a straight line to within their statistical accuracy which, in Fig. 1, is better 
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Fic. 1. Decay of neutron irradiated cesium. 


than represented by the size of the circles. Fig. 2 is a similar plot for a source 
from the cadmium-covered irradiation. The total decay is much smaller than 
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Fic. 2. Decay of cesium irradiated under cadmium. 


that shown in Fig. 1 and the statistical errors, represented by the vertical 
lines, are thus larger in proportion to the amount of decay. Having thus 
obtained the value of the Cs! contribution in a given source it was possible, 
as a check on the treatment, to subtract this contribution from the observed 
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counts and plot a conventional decay curve showing the logarithm of the 
Cs!" activity versus time. Fig. 3 shows such a plot for one of the ‘‘uncovered”’ 
sources. The results of this plot are sensitive to the value used for the Cs!%7 
contribution to the activity. The fact that a straight line results indicates 
that this contribution has been correctly estimated. 





TIME - DAYS 


Fic. 3. Decay of Cs'8* component. 


The chemical purifications used were such that the cesium should have 
been radiochemically pure. Several considerations indicate that this was the 
case. Firstly sources were prepared from both first and second purifications. 
In both types of source the decay corresponded to a half-life of 12.9 days 
with no contamination; furthermore the ratio of the decaying activity (Cs') 
to the non-decaying activity (Cs!7) was the same in both types of source. 
Secondly the y-ray spectra of sources from the first and second purifications 
were compared. The spectra, normalized to have equal intensities in the 
Cs'7 y-ray peak at 660 kev, were found to be identical. 

The Cs'*/Cs!" activity ratios obtained are given in Table I (b) together 
with other data pertinent to the irradiations, viz. the activities and weights 
of the cobalt wire monitors and the times of irradiation. 

Table II lists the values used for the other parameters which were required 
but not measured in this experiment, viz. the effective and thermal cross 
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sections and the resonance integral for Co*’, the half-lives of Cs'*, Cs®7, and 
Co®, the ratio of the neutron flux in the covered irradiation to that in the 
uncovered irradiation, and the factor relating the true Cs!’ disintegration 
rate to the observed Cs! activity (i.e., the correction for Ba!"), 


TABLE II 
VALUES OF PARAMETERS USED TO CALCULATE THE Cs! CROSS SECTIONS 


Effective cross section of Co5® 37.7 barns (Note (1)) 


Thermal cross section of Co®? 36.5 barns (Hughes and Harvey 1955) 
Resonance integral for Co®® 48.6 barns (Macklin and Pomerance 1956) 
Half-life of Co® 5.28 years (Hughes and Harvey 1955) 
Half-life of Cs!6 12.9 days (Olsen and O’Kelley 1954) 
Half-life of Cs!87 30.0 vears (Brown, Hall, and Walter 1955) 
Correction to Cs!*7 activity 0.909 (Brown, Hall, and Walter 1955) 
Ratio of neutron flux for covered irradiation 

to that for uncovered irradiation 0.794 (Note (2)) 


Note (1). This cross section applies to the moderator in the NRX reactor and is such that it gives the reaction 
rate, Co5%(n, y)Co®, when multiplied by the ‘2200 m/sec flux.’ This latter flux is the total neutron density 
multiplied by 2200 m/sec. The effective cross section of 37.7 barns was derived from the ‘2200 m/sec”’ value of 
46.5 barns, which is the mean of the two values: given by Hughes and Harvey (1955), and used with data for the 
NRX reactor given by Westcott (1957). 

Note (2). The positions in the reactor were not identical for the two irradiations but had similar neutron spectra. 
The ratio of fluxes in the two positions at the same reactor power was known to be 0.885 (Butler and Merritt 
1958). The ratio of the average power during the covered irradiation to that during the uncovered irradiation was 
0.896. The product of these numbers is the ratio of fluxes for the two irradiations, where flux for the cadmium 
covered irradiation means the flux to which the sample would have been subjected in the absence of the cad- 
mium box. These figures are subject to significant errors due to changes in pile loading and other factors. The 
over-all error is difficult to estimate but experience points to its being not more than 10%. 


The data for the uncovered sample yields a value of 10.4+0.5 barns for 
the effective cross section for the reaction Cs'°(7, y)Cs™®. The term ‘effective 
cross section” is defined as in Note (1), Table I]. The data for the covered 
sample vields a value of 61.7+2.8 barns for the resonance integral of Cs!*® 
relative to a resonance integral of 48.6 barns for Co®? (Macklin and Pomerance 
1956). Combining the data for both samples yields a value of 8.7+0.5 barns 
for oo, the thermal component of the cross section. This cross section, when 
multiplied by the thermal flux, gives the thermal component of the reaction 
rate. The thermal flux is defined as the density of neutrons, with energy less 
than the cadmium cutoff energy, multiplied by 2200 meters per second. 

Errors have been assigned on the basis of those given in Table I. The 
values given in Table II are also subject to error but these are not included. 
A possible 10°¢ uncertainty in the relative fluxes for the covered and un- 
covered samples would introduce an additional error of about 2% to the 
value for the thermal cross section (oo). However, the errors associated with 
the effective cross section and the resonance integral would remain unchanged. 
The data for cobalt provide evidence that the relative flux values are not 
greatly in error: thus the measured cadmium ratio for cobalt is 29.3, while 
a previous measurement (Butler and Merritt 1958) for a similar reactor 
position gave 28 and the calculated value is 35 (Westcott 1957) with perhaps 


20% error. 
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PHOTON CORRELATION IN COHERENT LIGHT BEAMS! 


E. BRANNEN, H. I. S. FERGusoN, AND W. WEHLAU? 


ABSTRACT 


Experiments have been carried out in an attempt to detect any correlation 
between photons in coherent light rays using a coincidence circuit of resolving 
time 27 = 8 X10~* second. A Hg 198 electrodeless discharge tube underrf excitation 
was used to provide an intense monochromatic source of narrow line width 
(0.006 A and 0.009 A) at 5461 A. A positive correlation was detected and com- 
pared with theoretical predictions. 


PHOTON CORRELATION IN COHERENT LIGHT BEAMS 


Recently several papers, listed below, have appeared which discuss correla- 
tion between photons in coherent light beams. In the experiments performed a 
light source illuminates a small pinhole, producing a pencil of light which 
strikes a distant half-silvered mirror. The reflected light is detected in one 
photomultiplier and the transmitted light in another photomultiplier. Nearly 
monochromatic light is selected by the isolation of a particular emission line 
of the source. The degree of coherence over the illuminated surface of the 
photocathode is determined by the dimensions of the pinhole and the distance 
from the photocathode to the pinhole. The outputs of the photomultipliers 
are fed into a coincidence circuit and the coincidence rate obtained is com- 
pared with that expected for purely random coincidences. 

The existence of an excess of coincidences over the random rate has been 
predicted by several authors (Purcell 1956; Hanbury Brown and Twiss 1956). 
Janossy (1957) has investigated the problem theoretically using a particular 
physical model for the source and has calculated the ‘‘classical fluctuations” 
expected. Purcell gives the following expression for the coincidence rate 


c= 143s) 
where C, is the random coincidence rate, 7» is the reciprocal of the width of 
the spectral line in c.p.s., 7 is the resolving time of the apparatus (7 = 27). In 
practice the enhancement of coincidence rate would be decreased by a factor 
determined by the degree of coherence (Hanbury Brown and Twiss 1958) and 
polarization introduced by reflection at the surface of the mirror. Short 
resolving times and narrow line widths are desirable in order to obtain con- 
ditions such that the predicted enhancement would be appreciably larger than 


expected 


the statistical errors in the counting rates. 

At this laboratory (Ferguson 1957), as well as at others (Twiss ef al. 1957; 
Rebka and Pound 1957), experiments have been carried out in an attempt to 
detect this predicted enhancement. For good statistics in reasonable counting 


1Manuscript received March 10, 1958. a 
2Postdoctoral Fellow, National Research Council of Canada, 1955-57. 
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times, a high intensity source is necessary. This requirement and that of 
narrow line width were achieved by the radio frequency excitation of an 
electrodeless Hg 198 lamp. A tunable coaxial line chamber (Fig. 1) was con- 
structed similar to that of Forrester ef a/. (1956), the Hg 198 tube forming 
part of the inner conductor. Radio frequency power at 2450 megacycles was 





Fic. 1. A photograph of the co-axial line chamber. The small glass tube below the viewing 
port is one of the Hg 198 lamps. In operation the lamp is placed in the glass tube seen on 
the axis of the chamber and coolant is passed down the tube. 


provided by a Raytheon Microtherm unit and with proper tuning about 
90 watts of power was absorbed by the lamp. Both forced air and water 
cooling of the lamp are possible with this design by placing a small Hg 198 
lamp, about two inches long, inside glass tubing running down the center of 
the inner conductor. Of necessity, as little water as possible should be in the 
region of the lamp, where the rf field is high, in order to avoid wasting rf 
power. In our arrangement about 20° of the rf power was absorbed by the 
water. The intensity was measured using a 929 phototube calibrated against 
a standard lamp. Intensities in the 5461 A line ranged from 0.0001 to greater 
than 0.010 watts/cm?/steradian. At high intensities the line widths were greater 
than 0.03 A, as measured with a Fabry Perot interferometer with a 5cm 
spacer, while at lower intensities a width of 0.006 A was obtained. It was 
found that with water cooling a higher intensity could be obtained by heating 
the water to 45° C without greatly increasing the line width. The experimental 
results given in this note were obtained using air cooling and a line width 
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of 0.009 A for the first set and with water cooling and a line width of 0.006 A 
for the second set. The light was focussed on an aperture 0.13 mm square 
in the first case, and 0.4mm diameter in the second. Glass filters, Schott 
BG 20 (5 mm) and GG 11A (2 mm), isolated the 5461 line giving about 90% 
transmission. At a distance of 4 meters a half-silvered mirror (dielectric 
type) was placed and was viewed by two 1P21 photomultipliers, each 25 cm 
from the mirror. The aperture of each photomultiplier was restricted to a 
square of dimensions |cm by I cm. The outputs of the photomultipliers 
were fed toa standard fast coincidence circuit, 27 = 8X 10~* second, of the Bell, 
Graham, and Petch (1952) type. Coincidences at zero and long delay, 12 musec, 
were recorded. To minimize the effect of any drift in resolving time, 5-minute 
runs at zero and long delay were alternated. 

The experimental results obtained under these conditions and previously 
reported at the November, 1957, Tri-College Conference at the University 
of Buffalo, are 


Il 


Co/C,; 1.014+0.005 
for a line width of 0.009 A and 


Co/C, = 1.025+0.002 


| 


for a line width of 0.006 A where Co is the counting rate at zero delay and 
C, is the counting rate at long delay. The probable errors were computed 
from the variations in the experimental readings. These results have been 
corrected for noise in the photomultipliers. For comparison, the theoretical 
predictions have to be corrected for polarization introduced by the mirror 
(30%) and for the degree of coherence of the light beam. After these corrections 
were made the predicted results are 1.028 and 1.027 respectively. At this 
time, this is felt to be reasonable agreement when one considers the uncertainty 
in the resolving time (~ 20%) using single photons (compared to that using 
stilbene and cobalt 60), in the efficiency of the coincidence circuit, and in 
the determination of the line profile. It is interesting to note that we are 
close to the limit required by the theoretical calculation, namely T > 7. 

In conclusion, we have detected an enhancement of coincidence rate but 
comparison with the theory with certainty is difficult because of the uncertainty 
in the values of the parameters required. The variation of enhancement with 
spectral line width is not in disagreement with the theoretical predictions. 

It is desirable to obtain higher accuracy in the measurements and to test 
the variation of enhancement with line width, resolving time, coherence 
factor, and polarization of the beam. We are attempting to do this using 
identical coincidence circuits capable of recording long delay and zero delay 
coincidences simultaneously and where one of the photomultipliers can be 
displaced from the superimposed position. Further, if sufficient accuracy is 
obtained, a more direct measurement of the resolving time of the apparatus 
for single photon pulses should be possible using this effect as a source of 
prompt coincidences and then inserting small delays in one channel in the 


usual way. 
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LOW TEMPERATURE RESISTIVITY OF THE TRANSITION 
ELEMENTS : RUTHENIUM AND OSMIUM! 


G. K. WHITE AND S. B. Woops 


ABSTRACT 


Experimental values are reported for the electrical resistivity of ruthenium 
and osmium from 2 to 300° K and for the thermal resistivity from 2 to 140° K. 
lhe samples were produced by arc-melting pressed pellets of metallic powder in 
an inert gas atmosphere. Two osmium samples and one ruthenium sample 
showed a satisfactorily low residual electrical resistance. By grinding these rods 
to a regular shape, absolute values of resistivity were obtained and the impurity 
and thermal components of resistivity derived; at room temperature (295° K) 
we deduce that for ideally pure Os, p ~ 9.134 Qcm and for ideally pure ruthen- 
ium p~7.33%4.Qcm. The temperature dependence of the resistivity was 
markedly different for another ruthenium sample but it seems likely that this 
was not representative of pure h.c.p. ruthenium. 


INTRODUCTION 

In previous papers dealing with experimental investigations of the electrical 
and thermal resistivity of the transition elements at low temperatures (White 
and Woods 1957a, 6, c, d; Kemp et al. 1955, 1956; Harper et al. 1957; White 
1956), the possible influence of interband electron transitions and electron- 
electron interactions was discussed. Experimental data on these electron trans- 
port properties have been collected over a wide range of low temperatures for 
various transition elements. Samples of the highest available purity were used 
so that values for the ideal resistivities might be deduced, i.e., the resistivities 
due to scattering of electrons by other than static imperfections. We hoped 
in this way to see whether any definite conclusions could be drawn regarding 
the theoretical proposals of Mott and of Wilson concerning the behavior of 
the conduction electrons in the transition elements. 

In order to complete the survey and also to obtain information which 
might be of general technical interest, we have extended these experimental 
studies to cover osmium and ruthenium, two transition elements for which 
little data existed. As far as we are aware there are no published heat con- 
ductivity measurements for these metals. For the electrical resistivity of 
ruthenium, values between 7 and 8X10-*ohmcm have been obtained at 
room temperature by Justi (1949) and by Meissner and Voigt (1930) as well 
as values at about 80° IKK and 20° K. However, many physical tables, text- 
books, and reviews quote room temperature values ranging up to 15x 10~° 
ohm cm, some of which appear to stem from a value of 14.4 10~§ ohm cm 
reported by Benedicks (1915). 

For osmium, most physical tables quote an electrical resistivity at room 
temperature of approximately 9.5X10~* ohm cm, the original measurements 
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having been made by Blau (1905) on an osmium filament. However, some 
tables give values as high as 60 and even 90X10-* ohm cm. 


EXPERIMENTAL METHOD 

Measurements of thermal conductivity from 2° K to 150° K and of electrical 
resistivity from 1° K to room temperature were made on each specimen in 
the cryostat described previously (White and Woods 1955). 

The principal difficulty has been in the preparation of suitable specimens 
in terms of purity (physical and chemical) and geometrical shape. We were 
unable to buy ruthenium and osmium except in powdered form, which was 
obtained both from Messrs. Johnson Matthey and Mallory Ltd. and from 
the Baker Platinum Company. The powder was pressed into small pellets 
and arc-melted in an inert gas atmosphere in our laboratories to form solid 
rods. We were led to use arc-melting by the success of Hulm and Goodman 
(1957), who used this method to prepare rods of rhenium, another high melting 
point transition element. The arc-melting equipment used by us was originally 
built by Dr. I. M. Templeton for making solid beads of some superconducting 
alloys. The pellets of pressed powder, which form the anode of the arc, are 
placed in a shallow groove in a water-cooled copper block. The cathode is a 
small rod of tungsten (or other high melting point material as discussed below) 
held in the end of a movable water-cooled rod. The pellets were arc-melted 
to form a rod and, in some cases, ground or cut to remove thick spots and 
then remelted. The inert gas used as an atmosphere was generally helium 
purified by being passed over charcoal cooled with liquid nitrogen although 
on occasion argon was used in an effort to prevent the arc striking to the 
copper part of the anode beyond the tip. 


TABLE I 
PHYSICAL DATA FOR SPECIMENS 


WoT 10°Lo 








Diameter 10®po (cm deg? (watt ohm 10% po95 

(mm) 10%90/ p295 (ohm cm) watt~!) deg~?) (ohm cm) 
*Ru 2 ~6 2.7 0.235 9.8 2.40 8.49 
*Ru 3 ~5 2.14 0.0158 0.643 2.46 7.39 
*Os 2 ~6 10.8 0.10 3.85 2.60 9 23 
Os. 3 1.88 9.46 0.0872 3.00 2.61 9 23 


*Absolute values of p and W were obtained by a normalization procedure discussed below. 


The history of the specimens is as follows: 


(1) Osmium 

Os | was prepared from Johnson Matthey powder (purity quoted as better 
than 99.995%) using a tungsten tip in the arc furnace. The specimen, which 
was a short irregular rod, had a residual electrical resistance ratio, R4.2/Re95 of 
49 X 10-*; the resistivity at room temperature, p295, was 1O+1 micro-ohm cm, 
the uncertainty being due to its irregular shape. This rod was used afterwards 
as the cathode for melting further osmium specimens; this procedure was 
adopted in order to obtain specimens without serious tungsten contamination. 


é 
: 
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Os 2 was also prepared from Johnson Matthey powder but with an osmium 
cathode (Os 1) in the are furnace. The specimen was about 6 cm long, had 
an approximate room temperature resistivity, p295, of 9+1 micro-ohm cm 
and, as shown in Table I, gave po/p295* (= R4.2/Ro95) of 10.8X10-*. It was 
mounted in the cryostat using a non-superconducting Zn—Cd eutectic solder 
for attaching current and potential leads; measurements of both electrical 
and thermal resistance were then made. These were later reduced to absolute 
values by normalizing p29;—po = pic29s) to a value of 9.13X10—-® ohm cm (see 
Os 3 below). 

Several attempts were made to reduce Os 2 to a regular geometrical shape. 
It was first ground with tungsten carbide wheels and later cut with a diamond 
saw and ground on a milling bench with a diamond wheel, but the rod repeatedly 
broke and eventually became too small for any accurate absolute measure- 
ments. Approximate measurements of Rs 9; and the ratio, R4./ Re 5, merely 
confirmed that p295 (and pj(295) = p29s5— po) had a value of 10-1 micro-ohm cm. 

Os 3 was arc-melted from Baker Platinum Company osmium powderT using 
an osmium cathode and gave. po/p295 = 6.3X10-%. After some preliminary 
grinding to remove very thick spots on the rod, it was re-melted and then 
ground to a regular cylinder of about 5cm length using a diamond grinding 
wheel attached to a lathe. Current and potential leads were attached with a 
non-superconducting Bi-Cd eutectic solder and it was mounted in the cryostat. 
As the results followed a pattern quite similar to that for Os 2, the ‘“‘ideal’’ 
value of the electrical resistivity of Os 3, namely, pj295) = 9.13 10-® ohm cm, 
was used to convert the results for Os 2 to absolute values. 


(2) Ruthenium 

Ru 1 was melted from Johnson Matthey powder of quoted purity better 
than 99.995%. During the arc-melting a small tungsten bead fell into the 
specimen and presumably this tungsten contamination was largely responsible 
for the high residual resistance ratio: R42/Re95 ~ 0.5. 

Ru 2 was arc-melted using powder from the Baker Platinum Company to 
produce a rod 7 cm long and with an average diameter of 6 mm (see Table I). 
Many attempts were made to use Ru 1 as a cathode during this melting but 
we were unsuccessful in striking a stable are to the ruthenium tip in either 
helium or argon. Finally a tungsten cathode was used with a small ruthenium 
bead on its end. Ru 2 was mounted in the cryostat with the aid of Zn—Cd 
solder and measurements of electrical and thermal resistance were made. As 
seen in Table I, R42/Ro95 = po/p295 ~~ 27.7 X10 but absolute values of the 
resistivity were in doubt owing to the irregular shape; measurements of 
weight, length, and average diameter combined to give an approximate value 
for po95 of 8.50.5 micro-ohm cm so that pj295) = p29s—po = 8.3840.5 micro- 
ohm cm. 


*Below 10° K, the resistance or resistivity is independent of temperature and is assumed 
to be due to impurity scattering; this impurity resistance may conveniently be determined 
at 4.2° K and is frequently denoted by Ro (resistance) or po (resistivity). The total electrical 
resistivity at 295° K, p25, is assumed to be the sum of the impurity resistivity, po, and a 
temperature sensitive resistivity due to scattering by thermal vibrations, pi(295). 

tNo analysis was supplied but our measurements suggest it to be of comparable purity to 
that from Johnson Matthey and Mallory. 
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Ru 2 was then ground to a right cylinder using a tungsten carbide grinding 
wheel attached to a lathe. This specimen, called Ru 2a, gave po95 = 8.42 10-§ 
ohm cm and p42 = po = 0.152X10-* ohm cm so that pic295) ~ 8.27 X 10-6 
ohm cm. This latter value was used to normalize the “resistivity’’ values 
obtained on Ru 2. Ru 2a was later remelted in the arc and further measure- 
ments of Rogs, R73, R4.2 were taken. 

Ru 3 was also melted from Baker Platinum Company powder using a 
tungsten tip with a ruthenium bead on the end. The rod which was 6 cm 
long and 5+1 mm in diameter had a low residual resistance ratio (see Table 
I) and so further measurements were made with it mounted in the cryostat 
with Zn—Cd solder. After Ru 3 had been ground to a right cylinder it was 
found that po95 = 7.39X10-§ ohm cm and po/po95 ~~ 2.68 X 10-*. Thus a value 
of pi29s) = 7.37 X10-* ohm cm was obtained which was used for the conversion 
of the previous measurements on Ru 3 to resistivity values. Ru 4 was also 
melted from Baker Platinum Company powder to try to resolve the dis- 
crepancy in behavior between Ru 2 and Ru 3. Unfortunately, a little tungsten 
bead from the electrode tip dropped into the specimen during melting so that 
its residual resistance ratio was rather high. After melting it also was ground 
to a right cylinder but cracked during the later stages of grinding, was rejoined 
in the arc furnace and gave an approximate value for pj295) of 10.6—2.5 = 8.0 
micro-ohm cm. After it was ground again to regain a true cylindrical shape, it 
gave poys = 10.53X 1078, po = 2.43X10-® so that pic295) = 8.19 10—§ ohm cm. 

RESULTS 

Values obtained for thermal conductivity, \, are shown in Fig. 1. Below 

10° Kk, it can be seen that A/T is sensibly constant for each specimen. This 
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Fic. 1. Thermal conductivity of osmium and ruthenium. 
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indicates that the thermal resistivity in this region is determined almost 
entirely by static imperfections and this resistivity is denoted by Wy = 1/Xo. 
Values for WoT for each specimen are given in Table I together with values of 
the (constant) residual electrical resistivity, po. In each case the Lorenz 
ratio, Lo = podo/L = po/WoT, has a value close to the theoretical figure of 
2.45 X 10-5 wQdeg~. 

If we assume that the impurity thermal resistivity, W», and the 
thermal resistivity, W,, due to scattering of the electrons by thermal vibrations, 


‘ 


‘ideal’”’ 


are strictly additive, that is 
1/\ = W = Wot+ Wi, 


then values for WV; may be calculated from the experimental data. These are 
shown in Fig. 2 together with some high temperature values (W,,) for W, 
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Fic. 2. Ideal thermal resistivity, Wi, for osmium and ruthenium. 
calculated from the ideal electrical resistivity at room temperature, p4295), 
assuming the validity of the Wiedemann-Franz—Lorenz law in this region, i.e. 
p:/W,T =~ 2.45 X 10-8 w 2 deg. 


Results of the electrical resistivity measurements at room temperature and 
at very low temperatures where p ~ constant are listed in Table I under 








880 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


the headings p95 and po respectively. Values for the ideal electrical resistivity 
Pp; = p—po, are shown in Fig. 3 and in Table II. 


rr _ 
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Fic. 3. Ideal electrical resistivity, p;, of osmium and ruthenium. 


TABLE II 
IDEAL ELECTRICAL RESISTIVITY IN MICRO-OHM CM 








LOK Os Ru 2 Ru 3 TK Os Ru 2 Ru 3 

295 9.13 8.27 7.37 | 75 0.95 1.0; 0.54 

24a.1¢ “8.00 7.60 6.69 50 0.26 0.38 oe 

250 7.50 6.85 5.96 40 0.1, O.1s 0.037 
200 5.70 5.26 4.38 30 0.025 0.067 0.016 
150 3.85 3.61 2.80 25 0.01. 0.03, 0.00; 
100 1.90 1.90 1.25 

DISCUSSION 
Osmium 


As discussed in earlier papers and also in recent reviews (Olsen and Rosen- 
berg 1953; Klemens 1956), theoretical treatment of electron transport in 
elements which have one free electron per atom in the s-band suggests that 
p;«< 7® and W,« T° for T «4p. Experiments on monovalent metals have 
seemed to confirm this although discrepancies have arisen in the magnitudes 
of p; or W, as compared with their high temperature values (cf. MacDonald, 
White, and Woods 1956). 

The ideal electrical resistivity and also the ideal thermal resistivity results 
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are similar in the two osmium specimens. Below 40° K p; approaches a 7* 
dependence but W; appears to fall rather more rapidly in this region than 
the 7* law would predict. Because of this, it is difficult to compare its magnitude 
directly with that predicted by the semiempirical expression 


We _ fey Ele x*dx | 
YY. 0 (e7—1)(1-—€”) 


Wi er ; 4p, 
WV ~ ual! ior 7 < , 


D 


which reduces to 


(See MacDonald, White, and Woods 1956, and previous papers on transition 
elements.) A crude comparison may be made by evaluating (W;,/W,,)(@/T)? at 
a temperature of say 7 ~ @p/10: for this purpose we will use 0p ~ 400° K 
(Wolcott 1956) and the value for the high temperature thermal resistivity 
given by W,, ~p/LT = 1.26cm deg w~!, evaluated at 295° K. At 40° K 


(@>/10) our results give W; ~ 0.19 from which 


Wi sy = 15.1 

tr 7 
This is fortuitously close to the value of about 14.4 given by the expression 
above. 

It may be noted that the high temperature value of the ideal thermal 
resistivity deduced from the Wiedemann—Franz—Lorenz law, namely W,, = 1.26 
cm deg w~', appears from Fig. 2 to be some 20 to 30% higher than the values 
that would be obtained by extrapolation of the ideal resistivity values obtained 
at lower temperatures. This discrepancy seems rather large in osmium and 
ruthenium and also has been noticeable in niobium, vanadium, cobalt, and 
rhenium. It is tempting to ascribe this to the presence in these metals of an 
appreciable component of lattice conductivity, \,; this would be expected to 
diminish with 1/7 in the region of 7 > 0/5, but may not yet be negligible (as 
is usually assumed) in the neighborhood of 100° K. If this component is 
appreciable, it should be subtracted from the measured total conductivity, A. 
There appears to be no obvious method of separating the components of 
thermal conductivity at these higher temperatures; however, accurate measure- 
ments of the thermal conductivity at 300° K or 400° K, where the lattice 
conduction should be much less than at 100° K, would allow a much better 
test of the Wiedemann-Franz—Lorenz law than this extrapolation of our low 


temperature measurements. 


Ruthenium 

The most startling feature of the results on ruthenium is the general difference 
in behavior between the two specimens, Ru 2 and Ru 3. The difference of 
about 10° in the room temperature electrical resistivities is no more remark- 
able than the very different temperature dependence of the thermal as well 
as the electrical resistivities exhibited by the two specimens, which makes it 
appear as though Ru 2 had an effective Debye temperature which is 30 or 
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40% less than that of Ru 3. Values for the ratio po/p29;5 listed in Table I show 
that there is a considerable difference in the residual electron scattering by 
impurities. Spectrographic analysis of the rods showed little difference; there 
were no obvious lines of tungsten, copper, or other major impurities present 
in either Ru 2 or Ru 3. Specific gravity measurement at 22° C gave 12.0 
for Ru 2 and 12.2; for Ru 3 which might suggest some incompletely melted 
regions or holes in the Ru 2 although the arc-melting procedure and examina- 
tion during grinding did not confirm this. A simple measure of the difference in 
resistivity behavior is the ratio pi295)/pic7s) = |p29s—pa} /!p7s—pat. For Ru 3 
this ratio was about 12.4 and it remained within about 1% of this value after 
cutting and remelting and again after grinding. However, for Ru 2 this ratio 
was about 7.2 and after grinding rose to about 8.1 and later when the specimen 
was remelted rose to about 9.0. 

Although small departures from Matthiessen’s rule, i.e., the additivity 
hypothesis p = pot+p;, may be expected, the results on ruthenium seem far 
too varied to be explained in this manner. There is in addition the small 
difference in density of specimens Ru 2 and Ru 3 to be explained and the 
greater hardness of Ru 3 which was quite obvious when the rods were being 
ground. Since the spectrographic analysis revealed no distinguishable im- 
purities it seems that different crystallographic phases must be present 
although the recent X-ray investigations by Hall and Crangle (1957) revealed 
only the normal close-packed hexagonal phase in ruthenium powder between 
0 and 1400° C. We therefore examined our specimens with a metallographic 
microscope after polishing and electrolytically etching their surfaces with an 
alternating current. The etching was done in a saturated sodium chloride 
solution containing 20% hydrochloric acid. In contrast to Ru 3, the specimens 
Ru 2 and Ru 4 showed some slight evidence for the presence of a decomposed 
phase and it was hoped that an X-ray diffraction study might reveal whether 
phases other than the normal close-packed hexagonal were present. However 
oscillation X-ray pictures in a Debye-Scherrer camera showed no obvious 
differences among the specimens; this investigation was complicated by the 
large grain size which the metallographic examination showed was about 
1mm in the ruthenium (and also the osmium) specimens. 

Some values for the electrical resistivity of ruthenium obtained by Justi 
(1949) and Meissner and Voigt (1930) on sintered rods are also shown in 
Fig. 3. Justi found p,(273) = 6.67X10-§Q cm, which agrees closely with our 
values for Ru 3; his value at 81.7° K also lies very close to our curve for 
Ru 3. Meissner and Voigt give a value of about 8.310-* for pi295) and 
their values at 87.2° K and 77.6° K are a little higher than those for Ru 3. 
However, their reduced resistivity values p;7)/pic29s) for 7 = 87.2 and 77.6° K 
agree quite well with the values for Ru 3. 

Thus it seems probable that values of resistivity for Ru 3 represent those 
for pure close-packed hexagonal ruthenium. Again if we adopt @p ~ 500° K 
(from specific heat measurements near 20° K by Wolcott 1956) and W,, ~ 1.02 
cm deg w-! (from W = pL/T at 295° K), we find (W;/W,,)(@p/T)? ~ 19 for 
Ru 3 at T ~ @p/10 ~ 50° K which contrasts with a value of about 40 for 
this parameter for Ru 2 
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CONCLUSIONS 


Measurements of heat conductivity and electrical conductivity of arc- 
melted osmium rods have provided data on the ideal thermal resistivity below 
150° K and ideal electrical resistivity below 300° K. At room temperature it 
appears that p; = 9.2X10-°Qem and extrapolation of the thermal data 
suggests \ ~ 0.9+0.1 w cm deg™! at room temperature. 

For ruthenium a puzzling discrepancy emerges between different specimens 
but we believe the data for Ru 3 represent the true values of resistivity for 
close-packed hexagonal ruthenium. At room temperature, pi = 7.4X10-*Q2 cm 
and extrapolation of the thermal data (obtained only below 150° K) to room 
temperature suggests \ ~ 1.1+0.1 w cm™! deg". 
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REFRACTIVE INDEX OF He: LIQUID! 


M. H. Epwarps 


ABSTRACT 

Changes in the phase refractive index 2 with temperature have been measured 
between 1.6 and 4.2° K at \ = 5462.27 A, for liquid He‘ at its saturated vapor 
pressure, using a metal optical cryostat and a Jamin interferometer. A novel 
adaptation of the Jamin interferometer has been made so that, in addition, an 
absolute determination of the group refractive, index, ng, could be made using 
white light of ‘‘effective wavelength” 5595+ 40 A. When the dispersion correction 
is made, the phase index for the Hg green line at Ts = 3.700° Kis m = 1.026124 
+ 0.000035. The relative measurements have been adjusted to this value. The 
more than 200 experimental points show a random scatter of less than 5X 1078 in 
index. Using Kerr’s density data the polarizability is thus (Now) = (0.12454 
+0.00021) cm’ mole! at \ = 5462.27 A, for liquid He‘ at 3.7° K. Within experi- 
mental error (Noa) is found to be independent of temperature. Thus the refractive 
index data may be considered as a measurement of the liquid density and co- 
efficient of expansion. 

The region near the A-point is of special interest. The expansion coefficient 
determined from the refractive index, 8,, may be represented within experimental 
error by 1038,1 = +41.5+14.5 log) T—7)| for T> 7), from about 0.1° above 7) to 
within 0.01° of 7); and by 103 Bar = —1.5+14.5 log |T—7)| for T < Ty, from 
about 0.1° below 7) to within 0.002° of 7y. This implies that the density—tem- 
perature curve has both a vertical tangent and a point of inflection at the A-point; 
and that the maximum in density occurs about 0.001° above the A-point. 


1, INTRODUCTION 

The refractive index of liquid helium has been measured by Wilhelm and 
Cove (Satterly 1936), who obtained 1.028+0.006 as the index of liquid helium 
Il (against gaseous helium) at a temperature just below 2.1° K; and by Johns 
and Wilhelm (1938), who obtained 1.0206+0.0012 at 4.22° K and 1.0269 
+().0004 at 2.255° and 2.142° K for \ = 5462.27 A. In both cases a Wollaston 
cell was used to determine critical angles, which were nearly 80°. The un- 
certainties stated did not include the effects of possible distortion of the 
plates of the cells near the edges. 

A re-investigation of the refractive index seemed worthwhile to check the 
change of 13° in the polarizability per mole implied by the above results. 

This paper reports measurements of changes with temperature from 1.6 
to 4.2° Kk in the phase refractive index a of liquid Heé at its saturated vapor 
pressure using a metal optical cryostat and a Jamin interferometer for A 
= 5462.27 A; and an absolute measurement of the group refractive index 1g 
using a novel adaptation of the Jamin interferometer. 


2. APPARATUS AND METHOD 


2.1 Relative Measurements 
A preliminary report of these relative measurements has been made 


‘Manuscript received March 11, 1958. 
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(Edwards 1956). The optical system used here was the same as that used to 
measure the refractive index of He‘ saturated vapor (Edwards 1957). A full 
description of the apparatus is given in the two references cited. 

For these liquid measurements the optical cell was filled about 90% with 
liquid, 10% with vapor. Thus the liquid remained at its saturated vapor 
pressure during all of these measurements. Stops were placed outside the 
apparatus so that only the light passing through the liquid in the cell suffered 
interference. This is in contrast to the vapor measurements, where only the 
part of the light which had passed through the vapor was allowed to suffer 
interference. 

As the temperature of the liquid helium in the bath was slowly lowered, the 
index of refraction changed, and fringes were counted visually as they moved 
past the cross-hairs of the interferometer telescope. As in the vapor case, 
each fringe corresponded to a change in index of (5.701+0.003) X10~®. For 
these relative measurements, temperatures were measured using the carbon 


resistance thermometer. 


2.2 Absolute Measurement 

Candler (1950, page 457) states that ‘‘The absolute refractive index of a 
liquid is always measured by a deviation method; interferometers are used 
only to measure small changes of refractive index, or to compare the refractive 
indices of two liquids.’’ Nevertheless, the absolute value of the group refractive 
index, mg, of liquid Het has now been measured using a novel adaptation of 
the Jamin interferometer, involving the use* of a special air-filled etalon E. A 
report of part of this method and preliminary results has been made elsewhere 
(Edwards and Hanes 1957). 

See Fig. 1 for a horizontal section of the optical system, as modified for this 
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Fic. 1. The optical system, as modified for absolute measurement of refractive index of 
liquid Het. 


b«a.*This method was suggested, and the etalon made and measured, by Dr. G. R. Hanes, 
Interferometry Section, Applied Physics Branch, National Research Council, Ottawa. 
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absolute measurement. The etalon, E, was placed between the second Jamin 
block and the telescope. The etalon (Fig. 2) was made by wringing two 2-in. 
diameter, 3-in. thick quartz flats on a 0.050-in. gauge block. The inner faces 
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Fic. 2. The etalon, illustrating its effect upon plane wavefronts. 


of the flats were each silvered to have a transmittance of 9% and a reflectance 
of 87%. The etalon gap was t = 0.050000 in. at 25° C. The etalon was aligned 
accurately perpendicular to the emerging beam of the Jamin by auto-collima- 
tion. Any incident plane wavefront, after passing through the etalon, appears 
as a sequence of successively dimmer wavefronts (see Fig. 2) each retarded by 
a multiple of 2m, ¢ where mq, is the refractive index of air. 

In the condition, refractive index cell evacuated, Jamin compensator (not 
shown) adjusted so that there is zero path difference between beam I and beam 
II, the 7th retarded wavefronts from the two beams (shown separated in 
Fig. 2) will be coincident and white light fringes may be seen. (In this con- 
dition white light fringes may also be seen without the etalon in place.) 

When the cell of length 7 is filled with liquid helium, the corresponding 
wavefronts from beam II are retarded with respect to those from beam I. The 
temperature of the liquid helium may be changed to adjust this retardation 
slightly so that the 7th retarded wavefront from beam II and the (¢+1)th 
retarded wavefront from beam I interfere, and white light fringes may again 
be seen. Since the first wavefront from beam I does not suffer interference, 
these fringes are of rather poorer contrast. 
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The general condition for white light fringes is that the phase difference 
shall not change with the wavelength at the achromatic fringe. (See, e.g., 
Candler 1950, page +77). This requires that 


d ; d = optical path eres) 
) = < > > = AT 
( ar (phase difference) ad x 
ea at 2a! 
~ ay d rj J 
where n = phase refractive index, 
1 = length of cell, 
t = etalon spacing. 
That is: 
dn 2a t 
y) a i: TE ee ee 
(251) (n—1) rm ] 
or 
(2:2) (ng—1) 1 = 2mayt 


where 1g = n—X(dn/dd) is the group refractive index. 

Thus what is measured here is the group refractive index ”¢, at the ‘‘effective 
wavelength’’, A, of the white light. From (2.1) and (2.2) we see the phase 
index at this wavelength may be obtained from 


9 a = ng—1 
(2.3) (n—1) = "2 
where 

dN dn 

9 alia ee 

(2.4) (n—1)dXd° 


This correction term 6 depends on the dispersion of liquid helium and thus 
on the effective wavelength of the white light. Cuthbertson and Cuthbertson 
(1932) measured the dispersion of He‘ gas at N.T.P. They obtained 


1.32614 10" 


2.9 =) i a ee 
(2.5) n— 1 = 39313.7X10"—2/e 
Thus 

2 

2.6) ss seosiiiaieameaaaaiaa 

ne 6 = 742629810" v 


where ) is the effective wavelength of the white light. 

The effective wavelength, \,, of the white light may be determined by 
comparing the number of white light fringes, AV,, which move by the cross- 
hairs in the telescope with the number of Hg fringes, A.Ny,, which move by, 
for the same change in optical path. Thus if the temperature of the helium 
is changed through the same interval twice, the change in optical path 


(3.77) A(n— Ly p= ANug Ang = ANz Ran 
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Thus one measures the group een for X = Ay, as given by equation (2.2); 
A» is determined from equation (2.7); 6 is calculated from equation (2.6); and 
thus one gets the absolute value 2 the phase index (~—1) at \ = A, by 
equation (2.3). The absolute value of (n—1) at \ = 5462.27 A is then obtained 
by assuming the proportional change in (n—1) with wavelength for liquid 
helium is the same as for helium gas at N.T.P., as given by equation (2.5). This 
gives a single absolute value of the phase index, m, for liquid He‘*, at the tem- 
perature of the midpoint of the white light fringe pattern. There are, of course, 
only a limited number of white light fringes (about 45), and the middle fringe 
is taken to be the achromatic fringe. 


3. EXPERIMENTAL RESULTS 

3.1 Relative Measurements 

As the temperature was lowered from 4.2° K to the A-point some 729 fringes 
were counted; between the A-point and 1.6° K about 32 fringes were counted, 
moving in the opposite sense. More than 200 experimental points were taken. 
They show a random scatter of less than 5X107® in index over most of this 
range. Smoothed values of (n—1) as read from a large graph of all the measure- 
ments are given in Table I, after adjusting the absolute value at 3.700° K to 
agree with the one absolute measurement (see 3.2 below). Temperatures are 
given on the scale 7552 (Clement et al. 1955). 


TABLE I 
MEASURED VAL ee OF REFRACTIVE INDEX, 1, OF He! LIQUID AT SATURATED VAPOR PRESSURE 
FOR \ = 5462.27 A; CORRESPONDING DENSITIES pt CALCULATED FROM LORENZ-LORENTZ LAW 
ASSUMING (.Voaw) = 0.12454 CM? MOLE~! AND CONSTANT; AND COEFFICIENTS OF EXPANSION, 


B, CALCULATED FROM LORENZ-LORENTZ LAW 








Tose 10° pl 10° 8 Tsk 10° pl 10° 8 
main (n—1) g cm73 deg an (n—1) g cm=3 deg™ 
1.6 28488 14505 —3.7 2.9 27819 14166 +57.8 
oe 28500 14511 —4.7 3.0 27652 . 14081 62.2 
1.8 28516 . 14519 —6.6 «1 27473 . 13990 67.¢ 
1.9 28539 . 14530 —9.6 3.2 27281 . 13893 72.4 
2.0 28572 . 14547 —13.4 a 27076 13789 77.4 
24 28617 14570 =—18.4 3.4 26859 13679 82.1 
2.15 28648 14586 —27 oD 26631 . 13564 88 .7 
2.1735 28668 14596 (— @~) 3.6 26385 . 13439 95.6 
2:2 28654 .14589 +19 13.7 26124 13307 102. 
2.3 28585 . 14554 +27 .9 3.8 25845 .13165 lil. 
2.4 28494 . 14508 +35.8 3.9 - .13013 121. 
2.5 28382 .14451 +41.9 4.0 . 12873 132 
2.6 28256 . 14387 +45.8 4.1 24878 .12675 142 
2a 28121 .14319  +49.7 4.2 24511 . 12489 154 
2.8 27975 .14245 +53.5 





3.2 Absolute Measurement 

The etalon was aligned perpendicular to the emerging beam of the Jamin 
interferometer by autocollimation. With the refractive index cell evacuated 
the Jamin compensator was set to give white light fringes at 3.7° K. In this 
condition about five or six white light fringes could be seen. Thereafter the 


compensator was not moved. 
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The cell was filled with liquid helium at 3.9° K and then cooled slowly until 
white light fringes could again be seen. The bath was cooled slowly and white 
light fringe numbers, V,, and corresponding bath vapor pressures recorded 
at every white fringe for all that could be seen (about 45). There are more white 
fringes in this case because of the dispersion of liquid helium. The apparatus 
was warmed to 3.9° K and the procedure repeated, reading fringe numbers, 
Nag, for ¥ = 5462.27 A, and vapor pressures over the same range of pressures. 

Since the saturated vapor pressure, P, is linear in fringe number, N, over 
small pressure ranges, these two runs were fitted to straight lines to get 
P = (481.077+0.013) — (1.01578+0.00459) NV, and P = (483.951+0.012) 
— (0.99175+0.00485) Nig, where the constants, and the probable errors in the 
constants were calculated by least squares using formulas given by Birge 
(1932). Thus by equation (2.7) the “effective wavelength” of the white light, 

LOGO wg ie SO a ‘ 

= 9090175 5462.27 A = 5595+40 A. The temperature of the cell at the 
midpoint of the white fringe pattern was 3.700+0.010° KX. Assuming that the 
achromatic fringe is at the center of the pattern this means that by equation 
2.2), (t¢—1)s595 § = 26,508X10-® and so by (2.3) and (2.6), (7—1)s595 4 
= 26,114X10-°, and (m—1)5462.27 § = 26,124X10-* at 3.700+0.010° K. This 
result is uncertain by +14X10~-* due to the probable errors in the length ot 
the cell and the length of the etalon; +8 X10~® due to the probable error in the 
effective wavelength of the white light; and +30X10~* due to the probable 
error in the temperature of the cell, this error being lumped in with the 
refractive index error. Finally then, at 73:2 = 3.700° K, the phase index 
for liquid helium at A = 5462.27 A is given by n = 1.026,124+0.000035. 


4. DISCUSSION 


4.1 Polarizability 
The polarizability per mole, Noa, may be calculated from these results by 
using the Lorenz-Lorentz equation 


n° —1 Le... 
4.1 oe = ay, Noman, 
(4.1) n+2 3M 
where ” = refractive index, JJ = molecular weight = 4.003864 g (Duckworth 
et al. 1954), a = polarizability per molecule, Nya = polarizability per mole, 
and p, = liquid density. (The use of a more complicated expression than 


equation (4.1), say for example equation 27 of Kirkwood (1936), only alters 
(n—1) by about 2X10-6.) 

Kerr (1957a) has recently determined the density of liquid He* from 1.2° k 
to 4.4° Kk with an estimated absolute accuracy (Kerr 1957b) at 3.7° K of 0.1%. 
Using Kerr’s value p; = 0.13307 g cm~* at 3.7° K this research shows that 
(Noa) = (0.12454+0.00021) cm* mole for liquid Het at 3.700°K at 
X = 5462.27 A. About half of the stated error is due to p,. 

Fig. 3 shows the apparent variation of (Noa) with temperature using (7 — 1) 
values from Table I and densities by Kerr (1957a). Also shown are the values 
of (Now) obtained from this research using densities by Edeskuty and Sherman 
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(1957). Fig. 3 also includes values of (Noa) calculated using liquid densities 
as measured by Onnes and Boks (1924). The numerical values of Onnes and 
Boks densities were obtained from p; = 4.003864/(27.66—0.0047168 ») for 
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Fic. 3. Molar polarizability, Noa, of liquid He* as a function of temperature, at 
\ = 5462.27 A; calculated from present refractive index measurements using liquid densities 
by Kerr (+), Edeskuty and Sherman (XX), and Onnes and Boks (O). The uncertainty in 
absolute value at 3.700° K is indicated by the vertical line. 


p < 38 mm Hg and p; = 4.008864/(27.24+0.0063145 p) for p > 38 mm Hg 
-where p is the saturated vapor pressure, given in mm Hg at 20°C, as read 
from the 755, temperature scale. These formulas are essentially those stated 
by Van Dijk and Durieux (1955) to “fit very nicely” the data of Onnes and 
Boks. All the density measurements are nearly identical at 3.7° K, the only 
temperature at which (m—1) was measured absolutely. 

Fig. 4 shows the apparent temperature variation of molar polarizability, 
A(Noa) = (Now) r—(Noe)3.7° x indicated by other workers’ investigations of 
dielectric constant. These have all been recalculated to the 7%5~ temperature 
scale, using densities by Kerr (1957a). The procedure used in plotting these 
data normalizes the results at 3.7° K. The data shown were obtained by 
Wolfke and Keesom (1928a, 19280) at 0.5 Mc/s, using the absolute value of 
Wolfke and Onnes (1924); by Lathrop (1949), at 1.5 Mc/s; by Grebenkemper 
and Hagen (1950), at 9100 Mc/s; and by Maxwell et al. (1957), at 0.1 Mc/s. 
The refractive index results of Johns and Wilhelm (1938) cannot be shown on 
Fig. 4, as they give A(Moa) of —32X107-4 cm’ mole at 4.22° K, +98 10-4 
cm’ mole™! at 2.255° K, and +86 X 10-4 cm* mole at 2.142° K. 

The question as to whether there is any temperature variation of (Noa) is a 
difficult one to resolve. The definitive experiment would involve filling the 
cell to more than saturation density and then changing the temperature, so 
that the liquid in the cell follows an isopycnal, meanwhile measuring the 
refractive index. If the refractive index did not change, the polarizability 
would then be strictly constant. Such an experiment was attempted, but the 
“dead space” in the 1.57 mm i.d. Inconel filling tube connected to the optical 
cell obscured the results. Only small temperature changes could be made 
before the dead space effects became pronounced. Nevertheless, the author 
believes that the present results suggest that the polarizability does remain 
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strictly constant from room temperature, where it is (0.1246+0.0002) cm? 
mole“! (calculation in Edwards 1957), down to and throughout the liquid 
helium temperature region, where it is (0.12454+0.00021) cm’ mole~'. 
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Fic. 4. Temperature variation of molar polarizability, A (Now) = (Noa) r—(Noa)s.7°x, of 
liquid He‘ from investigations of dielectric constant. (O) by Wolfke and Keesom; (X) by 
Lathrop; (O) by Grebenkemper and Hagen; (+) by Maxwell et al. Where necessary the data 
have been changed to the 752 temperature scale; and densities by Kerr have been used 
throughout. 


Table II shows the absolute values of molar polarizability which have 
been reported. All the dielectric constant results have been changed to 
\ = 5462.27 A by increasing the reported values of (Noa) by 0.0010 cm* 
mole, 

TABLE II 


ABSOLUTE VALUES OF POLARIZABILITY AT X = 5462.27 A ror 
LIQUID Het aT 3.7° K 





(Now) 





Reference cm? mole! 
Wolfke et al. (1924, 1928) 0.1211+0.0025 
Johns and Wilhelm (1938) 0.1080+0.0061 
Lathrop (1949) 0.1163+0.0076 
Grebenkemper and Hagen (1950) 0.1244+0.0012 


Maxwell et al. (1957) 
Present results 


o 


). 12350 .0002 
.12454+0 .00021 


oS 
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1.2 Density and Coefficient of Expansion 

If the polarizability remains constant, the refractive index measurements 
may be considered as a measurement of liquid density, p:. Assuming that 
(Now) = (0.12454+0.00021) cm* mole, and constant, the Lorenz-Lorentz 
law, equation (4.1), has been used to calculate the liquid densities. The results 
of this calculation are shown in Table I. For the He II region they are nearer 
to Onnes and Boks’ (1924) and Edeskuty and Sherman’s (1957) measurements 
than to Kerr’s (1957a). Between 2.8° and 3.4° and above 4.0° K they are lower 
than any of the direct measurements. Whether this is due to errors in the 
density or the refractive index measurements, or both, is not now clear. 

An expression for the coefficient of thermal expansion for liquid helium 


under its saturated vapor pressure, 8; = —p 'dp/dT, may be obtained by 
differentiating equation (4.1) (Edwards 1956). 

Thus 

(4.2) Bs = BatB, 

where 

(4.3) Ba = (Now)! d(Noa)/dT 

and 

(4.4) Bn = —6n(n?—1)7(n?+2)—7 dn/dT. 


If (Now) is independent of temperature, 8, = 8,. Using measured values of n 
and dn/dT from this research, the values of 8, given in Table I were calculated. 
The previously reported rapid fall of 8, above the A-point (Edwards 1956) 


is again evident. 


4.3 The d-Transition 

Special attention was paid to measurements of du/dT near the \-point. 
Temperature changes were measured using the resistance thermometer which 
is attached to the outside of the cell. Fringe numbers, N, and resistance 
readings, R, were read as the cell was slowly cooled over the A-point. The 
A-temperature, 7,, was taken to be at the maximum point on the VN—R curves 
obtained. dn/dT values were taken from these N—R curves and hence 6, 
obtained as a function of |7—7)}. It will be seen later that this procedure 
places 7, too low by about 1 mdeg, since the density maximum actually 
occurs above 7) (see Table III, column 4). This means that the 8, results 
of Fig. 5 should be shifted about 1 mdeg: to the right for liquid He I, and to the 
left for liquid He II. The effect of this shift is negligible in Fig. 5 for |7—T)| 
> 10 mdeg. It has long been known that 6, for liquid He II is linear in log 
T—T)} (Edwards 1953; Atkins and Edwards 1955). This research now 
shows (see Fig. 5) that 8, is linear in log |T—7)) from about 100 mdeg to 
within 10 mdeg of the A-point from above; and parallel to 8, for liquid He II 
on this logarithmic plot.* Fig. 5 also shows the earlier data of 8, of Atkins 
and Edwards (1955). 








*Both J. R. Clement and J. K. Logan suggested such a plot of the He I data to the author. 
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TABLE III 


CALCULATED EXPANSION COEFFICIENT 8; AND DENSITY CHANGES 5p = p—p,, USING 
px = 0.14596 G CM~’, FoR LIQUID He I AND LiQguID He II] NEAR THE A-POINT 


T—T) 10% B; 108 By, 10° dp 10° dprr 











mdeg deg™? deg™! g cm73 g cm73 
0 (— ~) (— oo) 0 0 
0.0001 - 60.0 —103 0.00010 — 0.00015 
0.001 —45.5 — 88.5 0.00075 - 0.00134 
0.01 —31.0 — 74.0 0.00543 — 0.0113 
0.02 — 26.6 - 69.6 0.00959 — 0.0213 
0.04 —22.3 — 65.3 0.0167 — 0.0400 
0.06 —19.7 — 62.7 0.0228 — 0.0578 
0.08 —17.9 — 60.9 0.0283 — 0.0750 
0.1 -16.5 — §9.5 0.0333 - 0.0916 
0.2 —12.1 - 55.1 0.0538 - 0.170 
0.4 = FFE - 50.8 0.0821 — 0.316 
0.6 — 5.22 - 48.2 0.101 - 0.451 
0.8 — 3.40 — 46.4 0.113 ~ 0.580 
1 - 2.00 — 45.0 0.121 — 0.705 
2 + 2.36 —- 40.6 0.115 — 1.28 
4 + 6.73 — 36.3 — 0.0253 — 2.31 
6 + 9.28 — 33.7 — 0.274 — 3.23 
8 +11.1 ~- 31.9 - 0.560 — 4.11 
10 +12.5 — 30.5 — 0.905 4.93 
20 +16.9 — 26.1 — 3.08 —- 8.59 
40 +21.2 — 21.8 — 8.72 -14.6 
60 +23.8 —- 19.2 —15.3 -19.7 
80 +25 .6 — 17.4 —22.5 —24.2 
100 +27 .0 — 16.0 —30.2 —28.2 
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Fic. 5. Coefficient of expansion of liquid He‘ as a function of log |7)—7}}. (O) Atkins and 
Edwards (1955) values of 8, for liquid He II. (+) Present results for 8, for liquid He II and 
liquid He I. 
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For liquid He II, 8,—8, is about 1.5X10-* from about 2.07° K to the 
A-point, 2.1735° kK. Thus either errors in dn/dT of as much as 7% have been 
made, or 8a is not zero. If no errors in dn/dT have been made, this implies an 
increase in (Noa) of 2X 10-> cm’ mole between 2.07° and 2.1735° K. Neither 
possibility can be ruled out entirely at present. 

The expansion coefficient data of Fig. 5 may be represented within the 
experimental error by the two equations 


(4.5) 103 By = +41.54+14.5 log |T—T)! 
for T > 7, from about 0.1° above 7) to within 0.010° of 7); and by 
(4.6) 10% By, = —1.54+14.5 log |T —Ty) 


for T < T, from about 0.1° below 7) to within 0.002° of 7). Table III gives 
values of 8; and 8;, as calculated by equations (4.5) and (4.6) near the A-point, 
assuming that equations (4.5) and (4.6) are valid right up to the A-point. It 
will be seen that equations (4.5) and (4.6) suggest that 8; becomes negative 
about 1 mdeg above 7), and that both 8; and 6; decrease logarithmically to 
minus infinity at 7). This implies that the density-temperature curve has 
both a vertical tangent and a point of inflection at the A-point; and that there 
is a Maximum in density about 1 mdeg above the A-point. Equations (4.5) and 
(4.6) may be integrated to give density changes within about 0.1° of 7). The 
results are: 

(4.7) 10% 6p;/p,. = —41.5, 7 —T)| —14.5|T —T)| (log |T — 7) — 0.434294) 

for T > 7), and 

(4.8) 10% dpq1/p, = +1.5) 7 —7)|+14.5|T — 7) | (log | T — Ty| — 0.434294) 


for T < Ty. In equations (4.7) and (4.8), 69 means p—py, and py may be taken 
to be 0.14596 g cm~ (see Table [). Values of 6p calculated from these equations, 
for various values of |7— 7)', are shown in Table III. Fig. 6 shows the predicted 
variation of density in the immediate vicinity of the A-point. The previously 
unreported density maximum above 7) should be noted. On this picture, the 
A-point is a point of inflection in the density-temperature curve, at which 
coefficient of expansion makes a discontinuous change. 

Ehrenfest’s treatment of the A-transition as a second order phase transition 
(Ehrenfest 1933; Keesom 1942, p. 255) relates the slope of the A-line, at the 
saturated vapor pressure curve, to the “discontinuities” AC, Ag, and Ae in 
specific heat, coefficient of expansion, and isothermal compressibility over the 
A-point. Ehrenfest’s two relations give, as the slope of the A-line, 


(4.9) (dP/dT), = pAC/TAB 
and 
(4.10) (dP/dT), = AB/Ak 


where, as Keesom (1933) has shown, the quantities C, 8, and k may be measured 
for the liquid under its saturated vapor pressure. The quantity Ag was taken 
to mean the (assumed finite) value 8;;—8;, where the suffixes II and I refer 
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Fic. 6. Variation of density of liquid He* with temperature in the vicinity of the A-point. 
lhe inset shows the last 1074 ° K in greater detail. 


to the helium II and helium | conditions, in the immediate vicinity of the 
A-point. The difficulty of assigning actual numerical values to any of these 
rapidly varying quantities “‘at’’ the \-point has long been known. However, 
Keesom (1936) has shown that equations (4.8) and (4.9) are still valid provided 
that AC, Ap, and Ak are taken relative to the same interval of temperature 
about the A-point. 

Fig. 5, and equations (4.5) and (4.6) show that if by Ag we understand 
(By;—By) taken at |T—TZ); = const., for |T—T)| < 0.1° K; then AB = —43 
deg™!. In view of the errors in 8; and 8, this difference is probably uncertain 
by +3 deg". 

Fairbank, Buckingham, and Kellers (1956, 1957) have shown that when 
the specific heat of liquid He‘ is plotted against log |7—7)|, that from about 
0.1° from 7, to within 10~4 deg of 7), two similar lines result, separated by 
5.6 joule g~ deg™!. 

Using AC = 5.6 joule g“ deg, AB = —(43+3) X10-* deg™', py, = 0.14596 
gem’, and 7) = 2.1735° K, equation (4.9) suggests that (dP/dT), = — (86+6) 
atm deg~. The stated uncertainty is due to the uncertainty in A@. 

The early data on the slope of the A-line gave (dP/dT), = —80.8 atm 
deg!. Keesom (1942, p. 256) calculated this value by drawing a line on the 
P-T diagram of He* connecting the temperatures of specific heat maxima, 
measured above 6 atmospheres by Keesom and Clusius (1931), to the vapor 
pressure curve at 2.19° K, which Keesom took to be the A-point. 

Peshkov and Zinov’yeva (1948) determined points on the A-line by locating 
“resistance jumps”’ in a phosphor bronze thermometer inside their second- 
sound copper pressure cell. They published only a small graph of their results, 
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which suggests that (dP/dT), is nearer —90 atm deg. They show no points 
between 3 atm and the saturated vapor pressure however. 

At the moment it appears that the Ehrenfest relation (4.9) correctly relates 
(dP/dT),, AC, and AB provided we evaluate AC and AB at equal intervals 
on either side of the A-point. However, a redetermination of the slope of the 
\-line should be made, to check this point. 

If equation (4.10) also holds, then the present results suggest that the 
isothermal compressibility, k, is also logarithmic in log |T—7 | near the 
A-point. It is nearly so for He II (see values in Table II of Atkins and Edwards 
1955). Equation (4.9) also shows that Ak = 5.0X10-4 atm~'. This means 
that at 10 mdeg above the \-point, k is about 3.4% lower than at 10 mdeg 
below the \-point. It may be difficult to check this by direct measurement. 

Near the A-point, y, the ratio of specific heats at constant pressure and con- 
stant volume, may be obtained from 
(4.11) y—-1 = Tu; B2/C 


where 1“; is the velocity of ordinary sound, and each of the quantities is evalu- 
ated at the saturated vapor pressure. Fig. 7 and Table IV show the results 
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Fic. 7. Ratio of specific heats, y, of liquid He‘ near the A-point. 
I 1 I 


TABLE IV 
RATIO OF SPECIFIC HEATS, y, NEAR THE \-POINT 


T—T) 103 (y —1) 10° (y—1) 





mdeg for He I for He II 
0.1 2.31 20.6 
0.4 0.620 17.0 
1 0.048 14.7 
Z 0.076 12.9 
4 0.711 11.2 
6 1.49 10.3 
8 2.28 9.60 


10 


3.07 9.07 
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for 10 mdeg on each side of the A-point. Values of u, were taken from Chase 
(1957); of 8 from this research; and of C from Fairbank et a/. (1957). Below 
the A-point the results are about 10% higher than calculated by Atkins and 
Edwards (1955, Table II), owing to their use of erroneous C values from Hercus 
and Wilks (1954). It is interesting to note that y—1 is very nearly zero about 
| mdeg above 7), but increases again as 7) is approached from above. The 
interesting approximate linearity of y with T—7), noted by Atkins and 
Stasior (1953) for liquid He I at 19 atm pressure is also found here, for 7—T7), 
> 2 mdeg. 

It should be emphasized that the coefficient of expansion data from this 
research, on which many of these calculations have been based, only extends 
down to within about 10 mdeg of 7) from above, and to within 2 mdeg of 
7, trom below. Thus the results closer to 7, depend upon the validity of the 
extrapolation of equations (4.5) and (4.6). The further assumption that the 
molar polarizability (Noa) remains constant and equal to 0.12454 cm? mole 
has also been made. 
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DIFFUSION IN MULTICOMPONENT METALLIC SYSTEMS 


I. PHENOMENOLOGICAL THEORY FOR SUBSTITUTIONAL SOLID 
SOLUTION ALLOYS! 


J. S. KrrKatpy° 


ABSTRACT 


Onsager’s generalization of Fick’s law for diffusion in multicomponent systems 
is examined with a view to determining the conditions imposed on the diffusion 
coefficients by the second law of thermodynamics and by ‘‘microscopic reversi- 
bility.’’ The generalized differential equations with constant coefficients, obtained 
by combining Fick’s law and the continuity equations, are solved for the boundary 
conditions corresponding to the semi-infinite diffusion couple. 


INTRODUCTION 
Onsager (1945-46) proposed as a logical extension of Fick’s law (Fick 1855) 
that the diffusion currents in a multicomponent system can be represented 
as linear functions of all the concentration gradients, viz., 


n 
(1) J,= —-> DiVc.. (i = 1,2...) 
k=1 
where the D’,, are functions of all the C,. A number of authors, including 
Onsager and Fuoss (1932) and Darken (1951), have suggested that the alterna- 
tive phenomenological description 
n 
(2) J,= —-D MaVun, 
k=l 
where the yu, are the chemical potentials, is more fundamental since the forces 
for diffusion are represented as free energy gradients. Onsager (1945-46) has 
also used the inverse form of this, 


(3) Ver = — > Rudi. 


k=l 

where the matrix [Ry] is assumed to be the “‘reciprocal’’ of [44]. Since, 
however, for diffusion in substitutional alloys we usually ignore volume changes 
of mixing and assume the conservation of lattice sites, the J;, as referred to a 
stationary lattice outside the diffusion zone, are linearly related by 

n 
(4) > J: =0 

i=1 
so that [.7 4] is singular.* Accordingly, the matrix inversion is not, in general, 


valid. 








1NManuscript received April 9, 1958. 

Contribution from the Department of Metallurgical Engineering, McGill University, 
Montreal, Quebec; and from the Department of Metallurgy and Metallurgical Engineering, 
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*The existence of marker movement in the diffusion zone (Kirkendall effect) does not 
invalidate this analysis. It is, however, incomplete as indicated in paper III (Kirkaldy 1958). 
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De Groot (1952) has noted the consequences of the second law of thermo- 
dynamics and equation (4) as applied to (2), viz., 


(5) > Mu =0 
k=l 

and 

(6) 2 ah = 0. 
i=1 


The statistical mechanics of irreversible processes based on the early work 
of Onsager (1931) and reviewed by de Groot (1952) leads to the principle of 
‘microscopic reversibility,’’ a consequence of which is that [7 ;,| is symmetric, 
es; 


(7) Ma = Mut. 


Further restrictions are imposed on the coefficients by the second law of 
thermodynamics which states that the rate of entropy production is positive 
definite. In the following sections we shall discuss Onsager’s derivation of the 
reciprocal relations applicable to the D’;, and the restrictions imposed on the 
M,, and the corresponding diffusion coefficients by the second law. 

While relation (2) is fundamental, equation (1) is most convenient for 
mathematical manipulation and for application to specific boundary condi- 
tions. It is for these reasons that an effort is made to relate (1) to the other. 

If the concentrations are in such units that 

n 
(8) 7 C,; = constant 
i=1 


then equation (1) can be written as 


n—1 
(la) J,= —D Da VC, 
k=1 
where D,, = D';,—D' mm. As a consequence of (4) the Dx satisfy relations of 


the form 
n 
(9) > Dx = 0. 
i=l 
If, finally, we combine (la) with the continuity equations, 
acy _ 


: 0, 
ot 


(10) div J;+ 
we obtain the generalized differential equation 


n—1 
oC = =. VV (DaVC,). 


(11) Or a 


In a later section, solutions of (11) for the boundary conditions corresponding 
to the semi-infinite diffusion couple will be given. 
THE CONSEQUENCES OF MICROSCOPIC REVERSIBILITY 


Following a procedure suggested originally by Onsager (1945-46) and later 
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clarified by Hooyman (1956), it is possible to obtain certain relationships 
between the D, corresponding to the reciprocal relations (7). Writing 


n—1 n—1 

(12) j,=— : Mi; >, wyVC;i = — > DiiVC; 
i=] i=] 

where 

‘ _ Oni 

(13) Oe ~ ee. 

gives 

(14) Dy FE Mewiss (i,k = 1,2,...n—1) 


j=1 


Now as a consequence of the reciprocal relations (7), the equality 


(15) Dias = eM ya 


j, l=] j. l=1 
exists, so that 


(16) > Dyn = DounDy, (i,k = 1,2,...n—1). 
j=] 


j=1 

Onsager originally presented the same expression relating the D’ ,.* His 

result is only valid for a system in which the » diffusion currents are inde- 

pendent, so it has little practical value. In Hooyman’s approach, both 

phenomenological equations (1) and (2) contain »—1 terms in the linear 

expansion. He has shown that if the frame of reference is chosen such that 
= 0, then the relations (16) take the shorter form 


n—1 n—1 
(17) De Dinas = Let aD su (i,k = 1,2,...n—1). 
= 7 
In the more usual reference system in which the mean flow is zero, the 
corresponding relations contain a transformation matrix. We prefer to refer 
all diffusion currents to a frame at rest with respect to a fixed lattice net- 
work and to obtain an equivalent elimination of coefficients by application to 
equation (16) of 
1" 
(9a) Du = — > Du (k = 1,2,..."—1) 
jut 


and the modified Gibbs-Duhem relations 
(18) = -F Sun (= 22): cn—F). 


This gives 
n—1 n—1 
(19) 5 Daal 5ict S84) - ©, (3, +618 Va, GBS ADs. BEE 
G j. l=1 rE Myx 


where 6,, is the Krénecker 6. 





*Onsager's re sult, which has been previously quoted by the author (1957) and Darken 
(1951), has the subscripts to the w’s erroneously reversed. 
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CONSEQUENCES OF THE SECOND LAW OF THERMODYNAMICS 
We note with de Groot (1952) that the second law of thermodynamics 
imposes the condition that the rate of entropy production in a diffusive process 
be positive definite, i.e., 


(20) AS= —)0 Ji: Vui > 0. 
i=l 


Substituting from (2) this becomes 


n 


(21) DS MuVui: Vix > 0. 


i,k=l 


According to de Groot (1952) the necessary conditions that the inequality be 
satisfied are that 


(22) M;:> 0 

and 

(23) Mii Mu > Ma Mei (4,8 = 1,2... -@): 

To find corresponding relations involving the D’s, we consider the case m = 3 
and calculate the quantity 

(24) D = Dy, Do—Dy. Da. 


Substituting from (14) and using relations (5) and the modified Gibbs-Duhem 
relations (18), we can show that 


- Cit Crt; , 
(25) == — (ime2 — Magee) (Wi.Mo2—- Mi2Mo). 
Prigogine and Defay (1954) have stated that for systems in states which are 
“stable with respect to diffusion,”’ i.e., which show no tendency towards 
spontaneous concentration discontinuities such as in the precipitation of new 
phases, 
Op1 Suz | Our Suz 


6 
ia) ON, 8N2° ON: ON, 


where the N’s are the number of moles of each component in the system. If 
we note as well that 
Ni Ns ) 
7 = — saptecniasnaseaemensaerensiace Snipe Pescscnaesaaee 
of) es Ci, C2 = [ , ; r 9 RT , ; 
( Ki Mil 1 ) Ki N itNotN3 NitNotN; ’ 


where the concentrations are in mole fractions, we can then show that 
(28) Mit H22—Mi2 Mor > O. 


It follows therefore as a consequence of (23) and (28) that a necessary con- 
dition for consistency between the 3-component phenomenological theory 


and the second law is that 


(29) Di, Doz—D 2 Dy > O. 
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An attempt has been made to show that there exists a necessary condition 
corresponding to (22) such that 


(30) Diy, > 0. 


The application of the Gibbs-Duhem relations and the conditions (Prigogine 
and Defay 1954) 
On: 


Ai ; On: _ Ob 
aN, and 


> 0 aN, an; 


(31) 


to equation (14) does not, however, lead to a definitive result and it appears 
that we require further theoretical information about the thermodynamic 
functions if (30) is to be proved. For the moment, we can state only that 
D, > 0 provided the off-diagonal elements in [1/4] and [ui] are sufficiently 
small in absolute value. These conditions can be relaxed somewhat in pro- 
portion to the increasing diluteness of the first 7 — 1 components. 

SOLUTION OF THE ONE-DIMENSIONAL DIFFUSION EQUATION FOR THE 

SEMI-INFINITE DIFFUSION COUPLE 
If the initial condition for each component consists of a linear step-function 


at the origin, i.e., 


(32) C(x, 0) = Co, c.@ 
and 
(33) C6; O)- = Ex, 6 Ob; 


then there exist solutions of the parametric form (Gosting and Fujita 1956; 
Kirkaldy 1957), 


(34) C, = Giy) 
where 
(35) A= x/v. 


This substitution in the one-dimensional form of (11) leads to the ordinary 


dC, _ Sd | =" ae 
Shh 6S ek! 


equations 
(36) 


which have, for constant coefficients, the solutions 


n—1 


~ ‘ ae 

(37) €; = aot >, axerf gy ae 
k=1 2 Uy 

By direct substitution we obtain the indicial equations 
A 

‘ ‘ 

(38) = >, -*Di;. 
j=1 Vik 


This set uniquely determines the u, in terms of the diffusion coefficients and 
provides a further (n—1)?—(n—1) independent relation between the ax. 
When these are combined with the 2(m—1) boundary values, the (n—1)? 
+(n—1) a-coefficients are uniquely determined. 
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The special case n = 3, which has been treated previously by Gosting and 
Fujita (1956), has the solutions 


‘ ee’ 
(39) C, = aert; hig etl =—-—-Fe 

2/u 2Vv 
and 

‘ en A 

(40) C, = derts eet. 4 

a«V - ¢ 
where 

i) a (Ciw—Cu)' 
a= ap | P2(Cx— Cn) — [(D22— Du) — DI ne nw) : 


b= ${Cyw—Ci—2a}, 
C= >t CwtCi}, 


1s 


seal = (Coo— Co) 
= ap D(C Cnr) — (Du Dax) — DI ag 


9 ’ 


e = ${Ca—Cn—2d}, 
f = 31Cot Caf, 
u = Dit}3{(D2—Du)+D}, 
v = Doot3{(Dy,—D»2)—D}, 
D =\/(Du—D2)’ +4D 2D . 
Provided D,, and De: are positive, physically significant solutions exist only 
for 


(41) —}(Di1—Dx2)? < DDoy < DiDeoe 


( 
since at the lower bound the radical D becomes imaginary while at the upper 
bound ./v becomes imaginary. This mathematical limitation has the sig- 
nificance that any set of data, which cannot be fitted by solutions of (11), 
must be analyzed with a higher order phenomenological scheme. It is in- 
teresting to note that the upper bound of (41) corresponds exactly to that 
required for consistency with the second law of thermodynamics, inequality 
29). 

Solutions (39) and (40) suggest several cases of special interest: 
Case 1: For Dy, = Do. and D2, = 0, the coefficients a, b,e, and f are inde- 
terminate, but by a limiting procedure we can show that 
(42) C= Cro Crt ong - - _ Co0— Cor Pu 575 nexp| - r” | 

2 2SDi1 - 27 7D," 1D, 

+Ci1 


9 


4 C1 


Cop— Coy ane r ‘ Cot Coy 
2 ee a 
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Case 2: There appear to be many physically acceptable choices for the 
D’s and the boundary C’s for which the equations give negative concentrations 
in the distribution. While these must clearly be excluded from the present 
calculations, they may correspond to real physical situations, in which case 
new principles will have to be developed for them. The special case when one 
of the initial concentrations goes to zero while the off-diagonal coefficients 
remain non-zero must always be excluded. This case should, of course, be 
treated with the theory for one less component. For a similar reason, radio- 
active tracer measurements with a low concentration tracer species may have 
to be excluded from this description. 

Case 3: For coefficients which cause the upper bound of inequality (41) 
to be approached, the quantity vz tends to zero which leads to a discontinuity 
in both concentration distributions. The results of Darken (1949) may be 
interpreted as just such a case (see later section). 


SOLUTIONS FOR OTHER BOUNDARY CONDITIONS 
The parametric solution (34) exists only for conditions (32) and (33). Hf, 
however, all the Dy. are constant then (86) is a linear set, so we can obtain 
solutions for any initial condition which can be represented as a sum (finite 
or infinite) of step functions of type (82) and (33). Jost (1952) and Barrer 
(1951) have compiled important solutions of this type for binary systems. 


RE-EXAMINATION OF DARKEN’S EXPERIMENTAL RESULTS FOR IRON, 
CARBON, SILICON 
In a previous communication (Kirkaldy 1957), an approximate solution of 
(11) was fitted to the results of Darken (1949) for the diffusion of carbon 
(component 1) in iron in the presence of a silicon (component 2) gradient. 
The initial conditions for the diffusion couple tested were 


Ci(x > 0,0) = 0.441% 
Ci(x < 0,0) = 0.478% 
C(x > 0,0) = 0.05% 
C(x < 0,0) = 3.89% 


and the penetration curve after annealing for 13 days at 1050° C was as shown 
by the points of Fig. 1. If, contrary to the previous communication, we in- 
terpret these results as showing a sharp discontinuity at the origin, then it 
must be that 

(44) Dy, De = Dy Da. 


If we take Doo = 0.1 10~7 (as given by Smithells 1955 for diffusion of Si in Fe) 
and fit (89) to the experimental results in such a way that (44) is adhered to, 
we obtain the discontinuous solid curve of Fig. 1. This curve specifies the 
coefficients Dy, = 4.81077 cm?/sec, Diz = 0.34 1077 cm?/sec, and from (44), 
Do, = 1.4X1077 cm*/sec. In agreement with our earlier statement we see that 
the values of D;,; and Dj». have not been affected noticeably by the change in 
the values of the other coefficients from Ds. = 0.023 X 1077 and D2; = 0. While 
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this new fit appears to be appreciably better than the old one, the accuracy 
of the data in the critical region near the origin does not justify a choice one 
way or the other. It would therefore appear to be very worthwhile to examine 
the system more thoroughly experimentally, with emphasis on both the carbon 
and the silicon distributions near the origin. 
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Fic. 1. Penetration curve for carbon in an iron, carbon, silicon diffusion couple. Experi- 
mental points after Darken (1949). 
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DIFFUSION IN MULTICOMPONENT METALLIC SYSTEMS 


II. SOLUTIONS FOR TWO-PHASE SYSTEMS WITH APPLICATIONS 
TO TRANSFORMATIONS IN STEEL! 


J. S. KrrKALDy? 


ABSTRACT 


The generalized differential diffusion equation for multicomponent systems 
with constant coefficients is solved for an advancing linear, cylindrical, or spheri- 
cal two-phase interface. Representative numerical calculations for ternary alloys 
based on the iron, carbon system demonstrate how inhibition of the transforma- 
tion austenite to ferrite + carbide can occur through the requirement of main- 
taining (extrapolated) equilibrium at the interface and through the interaction 
of carbon atoms with the off-diagonal gradients in the diffusion matrix. It is 
proposed that these interactions are the primary cause of hardenability effects 
in steel. 


INTRODUCTION 

In a recent review, Mehl and Hagel (1956) have examined the position of 
our theoretical understanding of the effect of alloying elements on the austenite 
to pearlite transformation rate in steel. They currently support the view that 
the observed inhibitions are connected with the relatively slow diffusion rates 
of the alloying elements as compared to that of carbon. The early work of 
Wells and Mehl (1941) demonstrated that the inhibiting effect was not, as 
might be thought, due to a reduction in the carbon diffusion coefficients. Other 
experiments by Bowman and Parke (1944), showing a partition of alloying 
elements between the ferrite and the carbide in pearlite, indicated that 
parallel and accordingly inhibited diffusion of carbon and alloying elements 
does occur. Zener (1946), in apparent contradiction to the facts, has opposed 
the view that the carbon can be forced to keep pace with the more slowly 
diffusing alloying elements. 

The present work proposes to demonstrate, with the help of solutions of the 
multicomponent diffusion equations and Hultgren extrapolations (Hultgren 
1938) of the ternary phase diagram, that the carbon can in fact be forced to 
keep pace with more slowly diffusing elements through adjustment of the 
extrapolated equilibrium interface concentrations and through counter 
diffusion gradients. Specifically, the iron, carbon, silicon and iron, carbon, 
manganese systems are examined using available data and it is demonstrated 
that a simple diffusion mechanism can explain the inhibition of both the 
austenite to carbide and austenite to ferrite transformations which occur in 
sidewise growth of pearlite. 

SOLUTIONS OF THE MULTICOMPONENT DIFFUSION EQUATIONS FOR AN 

ADVANCING TWO-PHASE INTERFACE 
Zener (1949) has given solutions of the two-component diffusion equation 


1Manuscript received April 9, 1958. 
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College, McMaster University, Hamilton, Ontario. 
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for the growth of linear, cylindrical, and spherical precipitates in an infinite 
medium. For the m-component system as described in paper I (Kirkaldy 
1958), we follow Zener and seek solutions of the differential equations with 
constant diffusion coefficients, 


ac; n—1 
(1) — ae =. a. 
ot k=l 
of the parametric form 
(2) OF —= Ca (A) 
where 
(3) h = x/v1t. 
With these substitutions and symmetric diffusion fields (1) becomes 
rAdC, one Diz | =i aC, 
4) --—— = —— 4 I, 
( 2 dr » \?* dr dX 
where p = 1, 2,"or 3 for linear, cylindrical, or spherical interfaces respectively. 


Subject to the boundary conditions 


(5) Ce (A =o) = Ca: 

(6) C; (A = a+) = Cai: 

and the corollary 

(7) Ci (A = a_) = Cre, 

where @ is the position of the interface in A-space, the required solutions are 
n—1 %0 : 

(8) C,=ant >, Gn \ \~?-” exp [—d?/4ug]da. 
k=1 ed 


Substitution in (4) leads to the indicial equations 


n—1 
/ 
(9) ux, = .; D 550 5x, Q ix. 
j=l 
When combined with the 2(7—1) boundary values, these determine the aq 
uniquely in terms of the boundary values and the diffusion coefficients and 
the u, in terms of the diffusion coefhcients. For the growth of a planar 
precipitate into a ternary alloy, the solutions for the two solute elements 
can be written as 
. 
lis 


exp [—» $io|dd 
I ei 


hy \ exp [—)° 4u,|d\+‘ 


(10) Ci = maa : 
I, ee 


and 


(11) C2, = inte? 


T { exp [—)° 4u;jdn +22 j exp [—N /duo|dr, 
le ei 


d rE 


where the normalization integrals 


(12) a — | exp [—\° 4u,|dX. 





ly 


th 
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The formal solution is completed by fitting the boundary values and applying 
(9) to obtain 
ay = Cu, an = Cr, 
diy = {Di2(Co1 — Co) +[(D1i — D22) + D] (C1 — Cw) /2 4 /D, 
dx = {Da(Ciu— Cw) —((Di1— Doz) — D] (C21 — Cap) /2}/D, 
dy = Cu ro Codi, _ doo = Cn aaa Co — doy, 
D= V (Di1—Do2)? + 4D 12 Dx, 
Wy) = (Dyt+D2t+D)/2, uw = (DutD2—D)/2. 
Physically significant solutions exist for the range of diffusion coefficient 
values, 
(13) Du > 0 and —(Dy—D2o.)?/4 < Dye Do, < Dy Da». 
The value of the parameter a must be determined through the mass balance 


at the interface, 


(14) (C2—Ca)a, 27ft = —J (a), 
where the velocity of precipitate growth is 
(15) v = a/2Vv. 


For the ternary, linear case this gives two simultaneous equations involving 
the unknown a@ and one independent interface concentration, say Cy, (the 
other three interface concentrations, Ci2, Coi1, and Cs. are dependent and are 
given by the tie-line on the extrapolated phase diagram that passes through 
Ci,). By cross-substitution we can convert these simultaneous equations to 


the form 


(16) G,(Cj1) = F \(a@) 
and 
(17) G:(Cu) = Fr(a), 


which can easily be solved graphically. The quantity a can be conveniently 
used as a measure of the transformation rate since it is proportional to the 


velocity of interface motion. 


APPLICATION OF THE SOLUTIONS TO THE PEARLITE TRANSFORMATION 
IN SFEEL 

Consider a ternary eutectoid alloy with an iron-carbon basis initially 
homogenized in the austenitic state and quenched to below the eutectoid tem- 
perature so that the pearlite (austenite to carbide+ferrite) reaction will 
occur isothermally. While it is not possible at present to consider the whole 
transformation problem involving nucleation with edge and sidewise growth 
of pearlite, it appears reasonable to consider that the rate variation of sidewise 
growth of single carbide and ferrite plates into supercooled austenite, as 
obtained via solutions (10) and (11), will qualitatively represent the rate 
variation of the whole process. 

The present calculations are restricted to the iron, carbon, silicon and 
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iron, carbon, manganese systems since their ternary constitutions are simple 
and reasonably well known (ASM Metals Handbook 1948; Owen 1951) and 
some information is available on diffusion in these systems (Darken 1949; 
Smithells 1955). Figs. 1, 2, 3, and 4 give the austenite to austenite +carbide 
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Fic. 1. Extrapolated austenite to austenite + carbide surface of the iron, carbon, silicon 
constitution diagram. 
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Fic. 2. Extrapolated austenite to austenite + ferrite surface of the iron, carbon, silicon 
constitution diagram. 





le 


); 
le 





Fic. 3. 


KIRKALDY: MULTICOMPONENT METALLIC SYSTEMS, II 911 


AUSTENITE 
+ CARBIDE 





4 
WwW 
: 
WwW 
Zz 
| 
° 
z 
335 
| 
- 
z 
Ww 
© 2 
ui 
a 
\ AUSTENITE 
0 . 6 
0.0 0.2 0.4 0.6 08 1.0 1.2 14 
PERCENT CARBON 
Extrapolated austenite to austenite + carbide surface of the iron, carbon, man- 


ganese constitution diagram. 

















. : 7 
% AUSTENITE 
a ir: ° 
2, 
¥ 
\ 
x 
w \ 
x | 
z EUTECTOID LINE —>, 
°o \ 
3 \ | 
| * —- 
Ke | \ -* 
=| \ 
326 \ TIE-LINES =x 
e ~) % \ 
Ww | \ 
a \ \ : 
| \ a 
AUSTENITE \ ‘ 
+ FERRITE \ ‘ 
06 —l a 4 
0.0 02 04 06 08 Lo 1.2 1.4 
PERCENT CARBON 
Fic. 4. Extrapolated austenite to austenite + ferrite surface of the iron, carbon, man- 


ganese constitution diagram. 





912 CANADIAN JOURNAL OF PHYSICS, VOL. 36, 1958 


and austenite to austenite +ferrite surfaces of the silicon and manganese steel 
phase diagrams as compiled from the Metals Handbook, together with a 
Hultgren extrapolation of the surfaces to below the eutectoid temperature. As 
the precision of these extrapolations is in question, calculations are restricted 
to a temperature of 700° C, just below the eutectoid value. The directions of 
the tie-lines in the two-phase regions are very tentative, the sign of the slope 
being chosen to agree with that at higher temperatures. 

On the basis of data given in Smithells (1955) we have estimated for a 
system in which carbon is component | and silicon component 2 that at 700° C, 
Dy, = 4X10-* cm?/sec, Dex = 0.2 10-9 cm?/sec and from Darken’s measure- 
ments (1949) and Kirkaldy’s analysis of them (1957, 1958), Diz ~ 10~* cm?/sec. 
The value of D2, is not critical to the calculation so we set it equal to zero and 
in the first calculation test the effect of the silicon gradient on the carbon 
diffusion rate by varying Dj.. Table I summarizes the conditions and results 


TABLE I 


THE VARIATION OF THE CARBIDE GROWTH PARAMETER @ AS A FUNCTION OF THE OFF-DIAGONAL 
DIFFUSION COEFFICIENT Dj. FOR A EUTECTOID IRON, CARBON, SILICON ALLOY AT 700° C. 
THE BASE ALLOY AND INTERFACE CONCENTRATIONS ARE ALSO GIVEN 








Dy2 C20 Cio aX104 Ci c 2 
C 





12 2 C22 

(cm/sec?) % % (cm sec™}) % To % % 
0 1.00 0.665 0.0153 0.532 6.67 1.100 0 
0.41079 1.00 0.665 0.0137 0.535 6.67 1.095 0 
1.00 0.665 0.0098 0.540 6.67 1.070 0 


2.0X10~° 


of this calculation for the austenite to carbide transformation of a 1% silicon, 
eutectoid alloy as constituted in Fig. 1. As expected, with an increase in the 
(positive) value of Dj2, the counter gradient of the silicon inhibits the austenite 
to carbide interface motion as measured by the parameter a. The corresponding 
solute distributions have been calculated and are given in Fig. 5. 

A similar calculation for the corresponding austenite to austenite +ferrite 
transformation is summarized in Table II and Fig. 6. In this case D2 was 


TABLE II 


‘THE VARIATION OF THE FERRITE GROWTH PARAMETER @ AS A FUNCTION OF THE SILICON 
CONTENT OF EUTECTOID STEELS AT 700° C. THE BASE ALLOY AND INTERFACE 
CONCENTRATIONS ARE ALSO GIVEN 


Dye Cx Cio a X10 Cu Ci2 Ca Ces 


(cm/sec?) % % (em sec7}) % % % % 
- 0.00 0.800 0.108 0.930 0 0 0 
210°? 1.00 0.665 0.100 0.826 0 0.862 1.162 
0.580 0.083 0.750 0 1.810 2.310 


2X 10-9 


2.00 





held constant at 2X 10~*° cm?/sec and the silicon content Co) was varied. There 
is a small decrease in @ and therefore in the transformation rate as the silicon 
content is increased. The inhibition in both cases would be intensified if Doe 
were in fact smaller (very likely) or Dj». larger (unlikely) and the effect would 
persist well below 600° C, but even so, silicon, as a result of the particular 
ternary constitution, would not appear to be a very effective hardenability 
agent. 
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.5. Solute distributions for carbon and silicon near a planar carbide-austenite interface. 
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Fic. 6. Solute distributions for carbon and silicon near a planar ferrite-austenite interface 
with Diz = 2X1079 cm?/sec. A. Coo = 0, a = 0.108 cm sec7?. B. Ca = 1.00%, a = 0.100 
cm sec7#. C. Coo = 2.00%, a = 0.083 cm secu. 
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The available diffusion data for the iron, carbon, manganese system is even 
more limited than for the silicon alloys. The data of Darken (1949) suggests 
that Di, for this system at 1050° C takes a small negative value and this is 
in agreement with observations on the carburization and decarburization 
rates of manganese steels (Rollason 1949; Metals Handbook 1948). We 
prefer, initially, to ignore this possible interaction term since these steels 
appear to exhibit at the higher temperatures a strong constitutional in- 
hibition and we wish to demonstrate this effect unambiguously. At 700° C 
we take D,,; = 4X10~-® cm?/sec as in the silicon alloys and from an extra- 
polation of data from Smithells (1955), Do. ~ 107! cm?/sec. This is so much 
smaller than D,, that we set Do. = O and in this calculation neglect the 
off-diagonal terms by setting Diz = D2, = 0. The consequence of these 
specifications is to deny any partition of manganese between the carbide and 
ferrite as indicated in the constitution diagrams of Figs. 3 and 4. Table III 
summarizes the variation of the carbide growth parameter a with manganese 
content and Table IV does the same thing for the ferrite growth into austenite. 


TABLE III 
THE VARIATION OF THE CARBIDE GROWTH PARAMETER @ AS A FUNCTION OF THE MANGANESE 
CONTENT OF EUTECTOID STEELS AT 700°C. THE BASE ALLOY AND INTERFACE 
CONCENTRATIONS ARE ALSO GIVEN 


Cio aX 104 Cu Ci2 Ca C22 


Cx 
% % (cm sec~}) % % % % 
0.00 0.800 0.0060 0.750 6.67 0.00 0.00 
1.00 0.736 0.0026 0.713 6.67 0.60 1.00 
2.00 0.670 0.0007 0.664 6.67 1.50 2.00 
TABLE IV 


THE VARIATION OF THE FERRITE GROWTH PARAMETER a AS A FUNCTION OF THE MANGANESE 
CONTENT OF EUTECTOID STEELS AT 700° C. THE BASE ALLOYS AND INTERFACE 
CONCENTRATIONS ARE ALSO GIVEN 


C20 Cio aX10# Cu Ciz Cu Coe 








7% 7% (cm sec™}) 7 Zo Zo Zo 
0.00 0.800 0.110 0.930 0 0.00 0.00 
1.00 0.736 0.080 0.826 0 1.56 1.00 
2.00 0.670 0.024 0.692 0 2.95 2.00 


The constitutional inhibition is in both cases quite effective. However, we 
do not attach too much significance to this result since it depends rather 
critically on the precise constitution and, furthermore, the effect decreases 
in intensity as the transformation temperature is lowered. It appears much 
more likely that Dj is in fact some negative magnitude and even if very 
small, because of the steep manganese gradients, would lead to a powertul 
inhibition to carbon diffusion and at the same time, a partition of the man- 
ganese. This effect would exist at all transformation temperatures. Taking 
the very limited data at face value, we might anticipate that manganese is a 
powerful hardenability agent. 
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DISCUSSION 

While it is impossible at present to make any quantitative predictions 
using the above formalism, familiarity with these two sample calculations has 
suggested some principles of general interest. 

1. Inhibition of pearlite growth can occur for purely constitutional reasons 
in the sense that a slowly diffusing element can force a reduction of the 
difference between the austenite and interface carbon concentrations to 
such a value that the carbon flow keeps pace with the alloying element flow. 
The sample calculation for the iron, carbon, manganese system indicates 
that this effect is only important near the eutectoid temperature. 

2. In asystem in which Doyo & Dy, and in which the off-diagonal terms are 
negligible, a diffusion solution exists only if the partition of the alloying 
element in the pearlite is constitutionally allowed to go to zero. 

3. The interaction with the off-diagonal elements of the diffusion matrix, 
when combined with a suitable extrapolated alloy constitution, can lead to a 
powerful inhibition of interface motion. It is our belief that this is the main 
cause of hardenability effects. These effects, when evident, are the more intense 
the smaller the relative alloy diffusion rate and the larger the off-diagonal 
coefficients (of suitable sign). 

4. It is quite feasible that the sign of the off-diagonal interaction will be 
such as to produce an acceleration of growth, e.g., as observed in the iron, 
carbon, cobalt system. Assuming that cobalt diffuses much more slowly than 
carbon, a necessary corollary would be that the alloy exhibits nearly zero 
partition of the cobalt in the pearlite. 

5. It appears possible that for a given extrapolated stable constitution no 
diffusion solution exists. One might speculate in such a case that the trans- 
formation occurs according to the laws of diffusion in an associated metastable 
system. 

6. If the basic conception presented here is correct, it appears that the 
empirical hardenability correlations due to Grossman (1952) can represent at 
best a very crude approach to the truth since the growth and nucleation rates, 
and therefore the hardenability, depend in a complicated and by no means 
monatonic way on the concentration, constitution, and the diffusion behavior. 
This, of course, is not the first time that reservations have been expressed 
about the validity of the simple additive and multiplicative correlation of 
hardenabilities (see, for example, Bucknall and Steven 1949). 

The applications of this formalism are not restricted to the pearlite trans- 
formation. All precipitation and solution processes are amenable to this 
description—tempering and stability of high-speed steels, solution treatment 
and aging in aluminum alloys, and the solution of carbides in the soaking of 
steel. The method can be very simply applied in the form presented in paper 
I to the processes of carburizing and decarburizing. It is worth noting in this 
respect that the off-diagonal coefficients Dj, as specified by Darken’s experi- 
ments (1949) are of the correct sign to explain the acceleration of carburi- 
zation by manganese in steels and the deceleration by silicon. Furthermore, 
banding in steels, which has been previously attributed solely to the con- 
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stitutional effects of manganese segregation, is probably accentuated by the 
existence of the negative off-diagonal coefficient D1. which is indicated for 
this system. 
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DIFFUSION IN MULTICOMPONENT METALLIC SYSTEMS 
III. THE MOTION OF PLANAR PHASE INTERFACES! 


J. S. KirkKaLtpy? 


ABSTRACT 

Onsager’s phenomenological scheme is adapted to unidimensional diffusion in 
a multiphase, multicomponent system with constant diffusion coefficients. 
Subject to initial conditions corresponding to the semi-infinite diffusion couple, 
an exact solution of the multicomponent equations is obtained from which the 
planar interface motions can be calculated. The similar but unrelated motion of 
markers that occurs in the diffusion zone of some single-phase couples is discussed 
and Darken’s phenomenological description for binary alloys is extended to 
multicomponent systems. 


INTRODUCTION 

Jost (1952) and Wagner (1946) have given expressions for the diffusion 
penetration for several interesting unidimensional boundary conditions in 
multicomponent and multiphase systems. In particular, Jost has given a 
solution for the diffusion penetration of a completely soluble component 
diffusing in a semi-infinite diffusion couple consisting of two mutually in- 
soluble phases. While this system must necessarily have three components, 
in view of the mutual insolubility of the two phases, it is possible to obtain 
solutions of the binary diffusion equations on either side of the weld and match 
them according to the requirement that the diffusion current of the soluble 
component be continuous at the couple interface. This is what Jost has done 
for the case of constant diffusion coefficients. In the present discussion we 
treat a similar, but more general problem without any restriction on the 
mutual solubility of the two phases and with explicit account being taken of 
the off-diagonal diffusion coefficients. Wagner (1946) has treated the related 
problem of linear interdiffusion of two phases in a binary alloy system. Both 
of these results are special cases of the general calculation. 

In paper II (Kirkaldy 1958) the ternary diffusion equations were solved for 
the diffusion field about a precipitating phase of uniform concentration. In the 
present work we consider the problem of linear interdiffusion of two different 
multicomponent phases in the form of a diffusion couple, with or without the 
appearance of intermediate phases in the diffusion zone. This particular 
physical arrangement has great potential value for the determination of alloy 
constitution since the theory to follow and the available experimental data 
indicate that very close to equilibrium concentrations exist at all phase inter- 
faces. As suitable microanalytic techniques become available, the analysis 
of diffused couples should become an economical method of determining 


phase boundaries. 
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The observation of marker movement in the diffusion zone of diffusion 
couples (Smigelskas and Kirkendall 1947; Correa da Silva and Mehl 1951) has 
evinced much interest in recent years. While consideration of this phenomenon 
is not necessary to the phenomenological description of most alloy processes, 
the effect is sufficiently fundamental as to demand a place in any discussion 
of diffusion. Accordingly, in a later section, we extend in a somewhat trivial 
way, the phenomenological description for binary alloys due to Darken (1948). 


THE DIFFUSION EQUATIONS AND SOLUTIONS 
The general system of one-dimensional diffusion equations for multicom- 


ponent diffusion in a substitutional solid solution alloy are from paper I 
(Kirkaldy 1958), 


n—1 4 
0c 

(1) J:= -> Du, 

k=] } 
and 
(2) aC; _ ; a a6 | 
5 a Giadl * & 
These have the parametric solutions 
(3) C, = Ci(A), A = x/V1, 


provided the initial conditions can be expressed as 


(4) Ci(+o) = Cu 
and 
(5) C(—”) = Cw, 


i.e., the conditions for the semi-infinite diffusion couple. 

As the following analysis will demonstrate, these same parametric solutions 
exist in linear multiphase systems provided very close to constant concen- 
trations obtain at all interfaces, irrespective of the number of phases which 
appear in the diffusion zone of the couple. That these constant concentrations 
must be equilibrium values follows from the fact that as t— ~ and the diffusion 
gradients approach zero, each increment in the zone, including the interface 
increment, must approach local equilibrium. Accordingly, any diffusion 
measurement that confirms relation (3) demonstrates uniquely that very 
close to interfacial equilibrium is maintained throughout the diffusion period. 
The only preconditions to be imposed on the terminal alloys in this de- 
scription are that they be homogeneous solid solutions, that diffusion be 
structure independent, and that the constitution allows diffusion to proceed 
from them without any compositions appearing in the zone which require 
more than two phases in equilibrium. For example, the two alloys A and B 
marked on the 775°C section of the copper—nickel-zinc phase diagram of 
Fig. 1 would probably meet the conditions. In this case, a third phase 8 would 
appear in the diffusion zone between the terminal a and y phases. 
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Fic. 1. 775° C section of the copper—nickel-zinc constitution diagram. 


Fig. 2 is a diagrammatic penetration curve for an n-component alloy 
involving a total of N phases. Each continuous region of the curve is des- 
cribed by the solution of the ordinary equations 


_AdC; Bs s d dC, 


6) = a ik | (URS 
" 2 dr ~ dn’ * dd 


which fits the appropriate phase boundary compositions. In general, the 
D, are functions of all the concentrations but in the present calculation 
we assume them to be an appropriate average value for each phase so that an 
analytic solution can be obtained. 


CONCENTRATION 








ieuelaoaiai 


PENETRATION 


Fic. 2. Schematic penetration curve for the ith component of a multicomponent diffusion 
couple with intermediate phases. 
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The co-ordinates of the interfaces, £, are determined simultaneously with 
the interface concentrations by application of interface continuity relations 
of the form 


(7) (Ci21— Cura) Es /2Vt = JSan2—Jiai* 


and the equilibrium conditions. In this evaluation we have 2(N—1)n interface 
concentrations plus V—1 phase boundary co-ordinates as unknowns and these 
are uniquely determined by the (~—1) (N—1) independent relations of type 
(7), the »(N—1) equilibrium free energy relations of the form 


(8) Mai(Cire, Co12,. : yntxs) = Mi2(Cia1, Cr21,. : get 9a); 
and the 2(NV—1) concentration balances of the form 

n 
(9) > Cine = L. 


i=l 


The isothermal constitution diagram is equivalent to the latter two sets of 
equations. 

The required solutions take the same form as those presented in papers 
I and II, viz., 


n—1 asl) 
(10) C= awt+ >, Qik | exp [—A°/4u,]dd 
k=l J " 
subject to the indicial equations 
n—1 a 
(11) wu = >, -*D, 
j=l Giz 


and the appropriate phase boundary values. In the evaluation of the coefficients 
it is convenient to normalize the integrals by letting 


afi) 
(12) Ce iad q exp [—d°/4u,|dr 
YP F141, j+1 


where the d, are functions of the boundary C’s and the D’s as determined by 
equation (11). The complete numerical calculation involves as well the solution 
of the simultaneous non-linear set of equations (7) with the phase diagram 
equivalent of sets (8) and (9). Such a calculation might require the services of 
an electronic computer for NV > 2 and n > 3. 


COMPARISON WITH EXPERIMENT 

In testing the validity of this phenomenological description it is sufficient 
to demonstrate experimentally that equation (3) is valid, or what is equivalent, 
that approximate equilibrium is maintained throughout the diffusion. It is 
relatively easy to test the A-dependence of the concentrations since this 
implies that all points of constant concentration (x//f = constant) must 
move a distance in the x-direction proportional to /t. Such points are easy 
to recognize metallographically. They may be the original phase boundaries 


*To assure the validity of these with changing lattice parameter and crystal structure, it is 
necessary to measure the x co-ordinate in units which contain an equal number of atoms. 
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existing at the diffusion temperature or boundaries dividing the transfor- 
mation products after cooling from the diffusion temperature. Fig. 3 is a 
micrograph of the zone of an aluminum to zine couple annealed at 370° C for 


C2n 


—_—— 


PHASE BOUNDARY ‘ai il 





Fic. 3. Etched diffusion zone of an aluminum-—zine diffusion couple with a corresponding 
schematic penetration curve. Annealed for 114.2 hours at 370° C. Z; = 210 microns. 


114.2 hours and quenched, along with a qualitative penetration curve deduced 
from it and the binary constitution diagram. When the various characteristic 
lengths Z are plotted as a function of Wf, the required linear curves are 
obtained as indicated in Fig. 4. L4 is the approximate distance of the phase 
boundary from the original weld while all other interfaces appear as a result 
of transformations on quenching (Z,) or slow cooling (Z2 and Zs). 
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Fic. 4. Time-dependence of the penetration in the aluminum~zinc diffusion couple of Fig. 3. 
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Biickle (1946) has examined a number of binary alloy couples in the same 
manner and has observed a +/t dependence in all cases—even when as many 
as three intermediate phases are involved in the system. It is probable that 
this will be the usual result even though we know from fundamental growth 
theory that the specification of equilibrium interface conditions is at best a 
good approximation. For a phase boundary to migrate there must be a free 
energy difference which implies some deviation from equilibrium, however 
small 

In the growth theory for a crystal—vapor interface, the growth rate depends 
in a monatonically increasing manner on the excess of the vapor concentration 
over its equilibrium value (Burton ef al. 1951) so we might expect a similar 
though more complicated behavior for a two-solid interface. In general, the 
initial deviation from equilibrium will be quite high to correspond to the 
high initial velocities (though not infinite velocities as implied in the phenomeno- 
logical description). However, the limitation of the mass supply by diffusion 
must rapidly cause a reduction in the velocity and the free energy difference 
between the phases. 

To make an estimate of the deviation of the interface concentrations from 
their equilibrium values, consider a two-phase interface for which the average 
adjacent concentration gradients in atom fractions are about 400 per cm. This 
number is chosen since it is above the limit of measurement by ordinary 
mechanical-chemical means and is such as would be obtained in the first few 
seconds of a typical diffusion anneal. Converting this to atom fraction per 
lattice plane for a lattice with @ = 2.5X10-° cm we obtain a change of 1075 
atom fraction per atom plane. This demonstrates that on the atomic scale, 
very close to equilibrium has already been attained. As a matter of fact, it is 
this rapid approach to local equilibrium which validates a linear phenomeno- 
logical description of extended diffusion processes (de Groot 1952). If, 
finally, we assume that the jump frequency and activation energy for atom 
transfer across the phase boundary are of the same magnitude as for diffusion 
in the surroundings then we expect the equilibrium concentrations to be 
attained to within a few atoms in 10° in the same first few seconds. 

It still appears conceivable that measurably non-equilibrium interface 
conditions could exist in a diffusing system for experimentally significant 
times. This would appear as deviations from the ft dependence of the diffusion 


penetration near the time origin. 
MARKER MOVEMENT IN MULTICOMPONENT DIFFUSION COUPLES 
One of the most general phenomenological relations that can be written 
for linear mass transfer of component 7 relative to an arbitrary origin is 


(13) Zt, coh hte a D". Cr, oy, 


ik «a 
inl Ox 


where v is a convection velocity in the x-direction. It is usual to imbed the 
co-ordinate system in the lattice at points far removed from the diffusion zone, 


to neglect the volume changes of mixing, and to assume the conservation of 
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lattice sites (Darken 1948). In the oft-considered case of diffusion by a simple 
exchange mechanism, the diffusion flow terms must exactly balance so that 
= (0. It is, however, possible to conceive of atomic mechanisms whereby the 
diffusion flows do not balance so that v is not equal to zero. 
Here we follow common practice and represent the vacancies in the metal as 
the mth component, choose concentration units of atom fractions so that 


m 


(14) dC. =1, m=n-1, 


i=l 


and assume that in compatible units 
m 
(15) > J, =0. 


Provided no lateral dimensional changes occur and the vacancy concentration 
is relatively uniform and/or relatively small, equation (15) will be accurate. 

If the vacancy gradient terms in (13) are non-zero we assume after Seitz 
(1950) that the vacancy concentration at any point is a unique function of the 
solute concentration. (The assumption of local thermal equilibrium is some- 
what more restrictive.) Accordingly, 


0 0 = 
(16) C c. = Cn C1, _+- aC, _ aC, 1 : 
Ox OC, Ox ac, = Of 
and by application of this and (14), equation (13) is transformed to the shorter 
form, 
m—1 
+. 0 
(17) t= -D Dae 4p. 
k=1 


Then, by application of (14) and (15) we obtain 


m m—1 
(18) => mL, 


i=l k=l 


ry 


which, on substitution into (17), gives the simplified phenomenological 
equation, 

m—1 
(19) T= -¥ DX. 

k=1 Ox 
In this, the Dy are related linearly to the D’, and the C;. The identity of 
relation (19) and the corresponding one for a simple exchange mechanism 
implies that insofar as the assumption (15) is valid, the existence of convection 
in the diffusion zone does not in any way alter the usual phenomenological 
correlation of concentration distributions. However, if the marker movement, 
which is presumed to proceed at a rate equal to the convection velocity, is 
also to be described, further diffusion coefficients are required for the evaluation 
of (18).* It is our opinion that in most applications of diffusion this movement 


*For the semi-infinite diffusion couple the solutions will have their usual parametric form 
Cy = C;(A) and the co-ordinate of weld markers will advance, as a result of (18), propor- 
tionately to Vf, i.e., markers originally at the origin must migrate in step with some point 
of constant composition. 
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is of no consequence so the usual assumption of a simple exchange mechanism 
will not lead to inconsistencies. 

While the phenomenon of marker movement seems to be of little practical 
importance, it is of very great theoretical importance since it sheds considerable 
light on the mechanism of diffusion. Since experiments for binary alloys 
indicate the approximate validity of the above description and the assumptions 
leading to it, the mechanism of diffusion must be such as to support the assump- 
tions, and the number of possible mechanisms that can do this are very limited. 
Thus far, only two have been proposed—a vacancy exchange and an inter- 
stitialey mechanism (Seitz 1950)—and the former is presently favored on 
energetic grounds. Seitz’ statistical theory for a vacancy exchange mechanism 
in binary alloys leads in a very direct way to the above phenomenological 
equations provided sufficient sources and sinks for vacancies, presumably in 
the form of dislocations, are available to assure the validity of (15). 


SUMMARY 

In the absence of experimental data it is not possible to apply this discussion 
of the multicomponent, multiphase diffusion process to specific alloy systems. 
However, there are certain results of a general nature which are worth sum- 
marizing: 

1. For a semi-infinite diffusion couple consisting of an arbitrary number of 
components and an arbitrary number of parallel intermediate phases, the 
diffusion penetration depth will tend to follow a parabolic (x = a+v/t) law. 
This statement holds for both constant and variable diffusion coefficients 
and is a result of the fact that approximate local equilibrium is attained in a 
very short time. Exceptions, if such appear, could be due to an unusually high 
activation energy for atom transfer across one or more of the phase interfaces 
and would be exemplified by deviations from the parabolic law near the time 
origin. 

2. Intermediate phases with a ‘‘zero’”’ solubility range will have ‘‘zero” 
width in the diffusion zone. 

3. Intermediate phases with a small solubility range and/or relatively small 
diffusion coefficients will have correspondingly small widths in the diffusion 
zone. 

$. Intermediate phases with a large solubility range and/or relatively large 
diffusion coefficients will have a correspondingly large width in the diffusion 
zone. 

5. The existence of a Kirkendall effect is unlikely to vitiate a phenomeno- 
logical description which ignores it. 

6. The accuracy of the phenomenological description will be prejudiced to a 
greater or lesser extent by interface inhibitions (films or high transfer activation 
energies), grain boundary diffusion, high defect densities, anisotropic diffusion, 
and porosity and lateral dimensional changes due to the Kirkendall effect. 

The theoretical and experimental description of multicomponent diffusion 
with the appearance of intermediate phases should have applications in the 
understanding of metal to metal bonding and in the determination of alloy 
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constitution (Castleman and Seigle 1957). The full potential in the latter 
application can only be realized with the development of high resolution 


microanalytic techniques. 
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SOME OBSERVATIONS OF AURORA USING A LOW-POWER 
FREQUENCY-MODULATED RADAR! 


C. COoLLINs 


ABSTRACT 


A frequency-modulated, continuous-wave radar seems to be particularly well 
suited to the observation of auroral ionization, since it provides both range 
information and a Doppler indication of radial motion. An experimental equip- 
ment of this type has been operated for a few months near Ottawa. The system 
parameters are briefly considered and the radar observations are compared with 
similar measurements made with higher-powered pulse systems. 


INTRODUCTION 

Since World War II radio-echo techniques have been used extensively in 
the study of auroral phenomena, and on both sides of the Atlantic research 
teams have recorded both forward-scattered and back-scattered signals in 
the investigation of particular aspects of the ionized regions in auroral dis- 
plays. Kaiser (1955) has summarized the work of most of these groups and 
the extreme usefulness of these radio-echo techniques is now well established. 
Most of this work has been done with radars, and while there has been a 
variety of operating parameters in the different systems, nearly all have been 
of the high-power pulse-type. This almost exclusive dependence on pulse 
radar continued until quite recently when McNamara (1955) extended the 
pulse-radar techniques by employing a double-Doppler system for investi- 
gation of the movements of auroral ionization. Since then there have been 
further developments in pulse radars for use during the I.G.Y. (McNamara 
1958) but these have been more in the nature of refinements rather than 
basic changes in the technique. 

Another approach to the problem of applying radio-echo techniques in 
auroral studies involves the use of continuous-wave transmissions. This method 
was used by Moore (1951) and Bowles (1952) in their studies of the fading 
characteristics of aurorally propagated signals, and more recently by Forsyth 
and Vogan (1957) in their investigation of the frequency dependence of 
auroral radio reflections. These workers did not, however, employ a radar 
technique since they used very widely separated transmitters and receivers. 
Bowles (1955) was perhaps the first to use a simplified form of continuous- 
wave radar for auroral work at College, Alaska. 

It is the purpose of this paper to describe some preliminary experimental 
results obtained with a continuous-wave system in which frequency modula- 
tion of the transmitted energy is used in order to obtain range and Doppler 
information. This type of radar system does not appear to have been used 
previously in auroral studies. 








1Manuscript received March 28, 1958. 
Contribution from the Radio Physics Laboratory of the Defence Research Board, Ottawa, 
Canada. Work carried out under Project No. D-48-95-11-15. 
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CW FM RADAR 


Continuous-wave radar is probably one of the oldest forms of radar and 
as such has been extensively treated in the literature. (See, for example, Wolf 
and Luck 1948.) The system has many variants. Gnanalingam (1954) has 
discussed the usefulness of one form for the detection of weak low-level 
ionospheric echoes. Most accounts, however, describe systems operating in 
the UHF band that were designed for use as navigational aids. The basic 
problem in auroral radio studies is equivalent to the long range detection of a 
multiplicity of moving targets. With properly chosen operating parameters 
the CW FM system offers many advantages for such service, and with certain 
forms of frequency modulation the range and Doppler information can easily 
be obtained from the reflected signal. The factors that affect the choice of 
parameters are illustrated in Fig. 1. This shows frequency-time graphs of the 
transmitted and reflected signals for the particular case when the modulating 
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Fic. 1. Curves showing the difference frequencies between the transmitted and reflected 
signals. 
waveform is in the form of a symmetrical triangle. On these curves the origins 
of the ordinates denote not zero frequency but some operating frequency. For 
both the moving and stationary reflectors the echo signal is delayed in time 
by an interval, 7, which results in a frequency difference between the trans- 
mitted and returned signals. This difference frequency (AB for a stationary 
reflector) can be detected as beats between the transmitted and received 
signals and used as a direct measure of the range of the aurora. If the target 
is moving, then the curve for the reflected signal will be displaced in frequency, 
and there will now be two range frequencies, one for each half of the modulation 
cycle. The range will then be given by the mean of these two frequencies 
(CD and EF) and their relative shifts from the mean will give the direction 
of motion of the auroral reflecting area. Range errors will be negligible if the 
displacement of the curves for the reflected signal is small during the period 
of the modulation waveform. This will be the case with auroral echoes where 
ranges are of the order of 500 to 1000 km and apparent radial velocities are 
expected to be of the order of a few hundred meters per second. The resultant 
Doppler shifts may not correspond, however, to any gross movement of 
aurora, but rather to individual motions of short-lived elements in the display. 
It is obvious that there will be conflicting frequency requirements for such 
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a system, but for operation in the VHF band of 30 to 300 Mc/s a convenient 
selection of operating and modulating frequencies can be made which will 
provide range beat frequencies in the lower part of the audio spectrum. The 
other main advantages of continuous-wave radar are associated with the 
transmitter power and the receiver sensitivity. An estimate of the power of 
the reflected signal can be obtained by putting into the radar equation reason- 
able figures for the system parameters. The reflected power Pz is given by 


the expression 


PrGrGpr° . 
Pr= oe (Ridenour 1947) 
where P;, = transmitted power = 30 w, 


Gr = gain of transmitting antenna = 20, 
Gr = gain of receiving antenna = 20, 

o = reflecting area = 10° m?, 
wavelength = 8m, 
range = 600 km. 


a> 
il 


Then 


Pr = 3X10-* 


. where the value for the size of the auroral reflecting area is based on the work 
of Currie et al. (1953). Although a wide-band receiver is required to accommo- 
date the frequency deviation of the signal at the receiver i-f, the over-all 
system bandwidth is set by the characteristic of the audio filter which selects 
the range beat note. At a frequency of 50 Mc/s cosmic noise is about 4X 10-?° 
watts/cycle/sec so that with a filter bandwidth of 40 c.p.s. the above signal 


can be detected easily. 


INSTRUMENTATION 

The complete CW FM radar system tested at the Radio Physics Laboratory 
is shown in the block diagram in Fig. 2. The small amount of energy required 
at the receiver for heterodyning with the reflected signal was provided by 
direct propagation from the transmitter to the receiver. Control of this direct 
signal to prevent overloading of the receiver is one of the more serious problems 
inherent in all CW radars, and at frequencies in the VHF band it is one of 
the major obstacles to a simple system. A satisfactory working arrangement 
was obtained in this case by the use of interferometer-type antennas set one 
behind the other, and phased so that the horizontal radiation patterns gave 
the necessary isolation between the transmitter pair and the receiver pair. In 
this way the direct signal from the transmitter was reduced to 1.3 X 107!° watts 
at the receiver input. 

The spectrum analyzer needed for the resolution of the range frequencies 
consisted of 10 narrow-band (40 c.p.s.) twin-T filters having center frequencies 
ranging from 210 c.p.s. to 1190 c.p.s. in increments of 110 cycles. The outputs 
of the filters were then applied to the 20 pens of an operational recorder. This 
is a paper-chart instrument designed to indicate the times of occurrence and 





nt 
ill 
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the sequence of events. The pens are essentially on-off devices and they are 
actuated when the rectified outputs of the filters rise above a predetermined 
level. An integration time of 2 seconds was used in the detectors to improve the 
sensitivity of the system. Doppler shifts in the range frequencies were resolved 
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Fic. 2. Block diagram of CW FM radar system. 


by switching the outputs of the range filters in synchronism with the vertices 
of the triangular modulation waveform, so that the beat note during the 
upsweep of the modulation wave was recorded on one set of pens, and the 
beat note detected during the downsweep was recorded on the other set of 
pens. With such an arrangement echo ranges from 210 to 1190 km could be 
recorded in intervals of 110 km. At the center ranges of 650 km and 760 km 
this permitted the detection of radial velocities of +2100 meters per second. 
For the ranges of 320 km and 1080 km this is reduced to +420 meters per sec- 
ond. The operating parameters for the experimental radar are given in Table I. 


TABLE 1 

1. Transmitter frequency 39.08 Me/s 
2. ‘Transmitter power 10 w 

3. Modulation waveform Symmetrical triangle 
4. Modulation frequency 7.5 €.p.s. 

5. Maximum frequency deviation 10 ke/s 

6. Antenna gain 10 db 

7. Elevation angle of first lobe max. 9.5° 

8. Polarization Horizontal 
9. Beam width 50° 
10. Receiver sensitivity 2X107"* w 


li. Audio filter pass band 40 ¢.p.s. 
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A reduction in transmitter power to 10 watts from the originally estimated 
30 watts was found necessary when very strong echoes caused overloading of 
the receiver. 


OBSERVATIONS AND DISCUSSION 

The equipment operated continuously from the beginning of September, 
1956, until the end of December of that vear. During the early part of the 
test confirmation of only two points was sought: (a) that the low transmitter 
power of 10 watts was adequate for the detection of auroral ionization and 
(b) that movements of the reflecting regions within the auroral display could 
be detected as Doppler shifts on the returned signal. During the + months 
of operations, echoes were received on 20 nights. Evidence of auroral 
activity on these nights was obtained from visual observations, 3-component 
magnetomer records, and the occurrence of the auroral type signal enhance- 
ments on the VHF recordings made at this laboratory (Forsyth and Vogan 
1957). These other data also suggested that on only two other nights was 
there a high probability of auroral activity which had not been detected by 
the CW FM radar. 

A sample of the record made during the auroral display on the night of 
October 26-27 is shown in Fig. 3. The off or no-signal position of the pens is 
indicated by the lower position of the lines. The occurrence of an echo is 
recorded when a pen is deflected by a small fixed amount towards the top 
of the chart. It can be seen that at times there is considerable spread in the 
range of the returned signal. This could have been due to overloading of the 
filters by a strong echo from a discrete range, or it might have been indicative 
of a true geographic distribution of the reflecting regions within the auroral 
display. In either case this spreading made the analysis of the records some- 
what difficult, and for this preliminary investigation, only the mean ranges 
were tabulated. These range measurements were taken from the record at 
arbitrary intervals, and then only when the echo seemed to be clearly defined. 
No attempt was made to divide the record into regular time intervals and 
only one occurrence was counted for an echo without regard to its duration. 

A histogram of the range distribution is shown in Fig. 4. In order to attach 
some physical significance to this distribution of range measurements it may 
be of interest to compare them with similar distributions obtained from other 
radar data, and to consider them in the light of echo distribution analyses 
performed by other workers. Forsyth (1954), in examining the 106 Mc/s data 
from the Saskatoon radar for the purpose of determining the height of the 
auroral reflecting centers, has shown that the echo-range distribution may be 
due primarily to the variation of the sensitivity of the radar equipment as 
measured in the vertical plane. The latitude effect has been considered by 
Bachynski and Kornelson (1953), who produced a weighting factor which 
they applied to their 56 Mc/s results to enable them to fit the range distri- 
bution to a sensitivity curve. While such a correction does change slightly 
the shape of the range curve, it causes only a relatively small displacement 
of the maximum, and it would seem to be of importance only where the range 
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resolution is high. Following these studies an extensive theoretical analysis 
of echo distributions was carried out by McNamara (1954). In this he showed 
that the echo distribution could be the result of a number of complex factors 


OCCURRENCES 





6 
RANGE (100 KM) 


Fic. 4. Distribution of echo ranges. 


such as target shape and cross section, pulse length, magnetic field orientation, 
altitude attenuation, and plasma resonance. It is of interest to note that, in 
discussing target cross section, MlcNamara points out that the extreme 
sensitivity of the echo distribution to the radar parameters does not always 
exist in practice. While it is not reasonable to expect close similarity between 
the results obtained at widely differing times and places, the limited data 
available from the present experiment appear to be adequate for very rough 
comparisons. The maximum of the range distribution shown in Fig. 4 is 
between 650 and 750 km. For the generally assumed reflection height of 
110 km and the present angle of elevation of the first lobe maximum (9.5°) 
the maximum of the range distribution might be expected at about 550 km. 
The application to the 2-way antenna pattern of a range correction factor 
for the inverse square law of echo amplitude would shift this maximum to 
slightly higher ranges but the shift would be relatively small. It must be 
concluded that in this instance the range distribution curve is not sensitive 
to the antenna sensitivity pattern. The increase in echo occurrence with 
range may indicate a real increase in the latitudinal distribution of the auroral 
reflecting areas north of Ottawa. This seems reasonable since Ottawa is 
1500 km south of the auroral zone maximum. The range distribution may also 
be influenced by the aspect sensitivity of auroral echoes, but in the interval, 
550 to 750 km, the geomagnetic inclination or aspect angle changes only by 
about 2°. It is unlikely, therefore, that the approach to the specular reflection 
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condition accounts for all of the increase in echo occurrence. Bullough and 
Kaiser (1955) have published a range distribution for the Manchester radar data 
which also shows a maximum at 750 km. The geomagnetic latitude of Man- 
chester is almost the same as that of Ottawa and the angle of the first lobe 
maximum for Kaiser’s measurements was 8.5°. The frequency of 75 Mc/s is 
almost twice the operating frequency of the Ottawa radar and this may account 
in part for the slight difference in the positions of maxima. However, as in the 
case of the Ottawa measurements, the maximum appears at a greater range 
than would be expected if the distribution was very sensitive to the antenna 
sensitivity pattern. The range measurements made by Dyce (1955) at Prt. 
Barrow on 51.7 Mc/s have a similar distribution to those made at Ottawa, and 
show a peak at 750 km. This curve, however, correlates well with that to be 
expected from consideration of aspect sensitivity alone and it may be that 
aspect sensitivity is the dominant factor at that location. The fact that the 
Ottawa histogram in the range interval of 800 to 1000 km departs from the 
distributions plotted at other sites probably indicates only that at these ranges 
the system sensitivity is the controlling parameter. For so high an angle of 
radiation (9.5°) the sensitivity at the maximum ranges is greatly reduced. The 
minimum range of 430 km is in good agreement with almost all other results if 
some frequency dependence is accepted at these minimum ranges. Forsyth 
(1954) with the Saskatoon radar on 106 Mc/s records no reflections from ranges 
less than 600 km. Kaiser (1954) operating on 75 Mc/s has plotted nothing 
below 600 km, and Dyce (1955) on 51.7 Mc/s shows a minimum range at 
400 km. Both Harang and Landmark (1954) and Hellgren and Meos (1952) 
with radars on 35 Mc/s and 30 Mc/s respectively report echo occurrences in 
the 200-300 km range interval. The problem of the aspect sensitivity of auroral 
reflections and the effect of this on the echo-range distribution has been treated 
extensively by several workers. Booker (1955), in the development of his theory 
of scattering, has published a set of auroral-response versus range curves which 
incorporate an aspect-sensitivity factor. As these are calculated for a location 
where the magnetic inclination is 75° and for an antenna system very similar 
to the present one, the Ottawa echo distribution has been compared with the 
50 Mc/s curve (4) on the left-hand side of Booker’s Fig. 4. While the long- 
and short-range cutoffs are in reasonably good agreement, there is a large 
difference in the positions of the maxima and the two figures may be incom- 
patible. 

Some of the echoes recorded at Ottawa showed Doppler shifts, and a distri- 
bution of these is drawn in Fig. 5. Once again there are too few data to permit 
any great significance to be attached to the measurements, but it may be noted 
that they are in good agreement with the results of Bowles (1955), and those 
obtained later by McNamara (1954). The agreement with Bullough and 
Kaiser's results (1955) is not as good, as they seem to indicate much lower 
velocities than many of the range speeds measured by the Manchester group. 
Their results do, however, refer to range drift measurements and not to 
Doppler results. The two kinds of measurement might reasonably be expected 
to give different orders of magnitude. 
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Fic. 5. Distribution of Doppler-shifted echoes. 
CONCLUSION 

In conclusion, while the small amount of data available from this preliminary 
test could hardly contribute significantly to the general knowledge of auroral 
phenomena, the fact that the measurements are in good agreement with those 
of other groups can be taken as an indication of the validity of the measurements 
and a demonstration of the usefulness of the CW FM radar for auroral research. 
Both range and Doppler measurements can be made and the adequacy of a 
very low transmitter power is clearly demonstrated. This feature of the system 
is most important since it provides a number of attractive operational features. 
For example, the equipment may be left in unattended operation for appreci- 
able periods. Since the completion of the test period, modifications have been 
made to the data recording sections of the system to allow the use of a simple 
photographic recorder. With these refinements the radar seems particularly 
well suited to multifrequency operation with scaled systems and it is towards 
this that future work will probably be directed. At the time of writing a three- 
frequency installation is nearing completion at the University of Saskatchewan. 
Transmitter powers will be the same and antenna heights will be scaled to 
produce similar radiation patterns. The other parameters of the systems such 
as frequency deviations and filter bandwidths will also be scaled so that a 
direct comparison of the range and Doppler measurements on the three 
frequencies will be possible. 
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MEASURED PHASE DISTRIBUTION IN THE IMAGE 
SPACE OF A MICROWAVE LENS! 


G. W. FARNELL 


ABSTRACT 


Detailed measurements at a wavelength of 3.2cm have been made of the 
phase distribution in the diffraction image produced by an aberration-free lens 
illuminated from a point source. The behavior of the phase of the electric 
field is shown by contours of constant phase (wavefronts) in the plane of the 
image space containing the axis and the H-vector of the radiating source. The 
region of the image space considered extends from the solid dielectric lens to a 
surface somewhat beyond the focus. Results are also shown of the phase distribu- 
tion measured within about one wavelength of certain phase singularities which 
occur at the minima of intensity on the focal arc and on the axis. In general, 
there is very good agreement between plots of measured phase contours and 
plots of phase contours previously calculated from scalar diffraction theory. 


I, INTRODUCTION 


While phenomena near the focus of a lens system have been of continuing 
interest in optical studies for some hundreds of years, it is only in more recent 
years that the detailed structure of the diffraction image has been calculated 
(Zernike and Nijboer 1949; Linfoot and Wolf 1956). With the measurements 
possible at optical wavelengths, it is extremely difficult to make accurate 
point-by-point determinations of the field near a focus in order to confirm the 
calculated values. However, more recently, “‘microwave optics’ has been able 
to contribute certain measuring techniques to the investigation of the imaging 
process (Bekefi 1957). It has been shown previously that the intensity distribu- 
tion produced by microwave lenses can be calculated from the scalar diffraction 
theory of aberrations as used in light optics (Bachynski and Bekefi 1957), and 
in this paper some results are shown of an experimental investigation of corre- 
sponding phase distributions which also agree with such scalar calculations. 
Thus, the accurate measurements of intensity and phase which can be made 
at microwave frequencies provide convenient means for investigating the 
diffraction structure of the image of a point source. 

The phase measurements reported here were made at a wavelength ol 
3.2 cm in the image of a point source produced by a solid-dielectric, rotationally 
symmetric lens. This lens had a radius of 25 cm and was essentially free of all 
the Seidel aberrations at the image distances used. In Section I] the arrange- 
ment of the experimental equipment is outlined, while Sections III and IV 
discuss respectively the general phase distribution in the image space, and 
the detailed phase behavior near the positions of minimum intensity. 


‘Manuscript received April 3, 1958. 

Contribution from Eaton Electronics Research Laboratory, McGill University, Montreal, 
Quebec. 
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II. MEASURING EQUIPMENT 
A plan view of the basic measuring arrangement is illustrated in Fig. 1. Part 
of the signal from a klystron oscillator is modulated by an audio voltage in a 
balanced modulator, and the resulting suppressed carrier signal is radiated 


OPTICAL BENCH 
WITH LEAD SCREW 


KLYSTRON 


AND 
MODULATOR 


DETECTOR AND 
REFERENCE PHASE | || | 
SHIFTER ASSEMBLY | | ji | ____+o INTENSITY RECORDER 
—+TO PHASE RECORDER 
LINKAGE 


REFERENCE PATH 


Fic. 1. Plan view of the measuring arrangement showing the scanning mechanism and the 
two open waveguides used as point source and probe respectively. 


from an open waveguide simulating a point source. This special form of 
modulation is required for the automatic phase plotter designed by Pavlasek 
(1958; also Bekefi 1957) in order to measure and record the phase distribution 
in the image space independent of the intensity variations from point to 
point. The radiated microwave energy in the form of the two sidebands is 
focussed towards a “geometrical image point” by the lens under investigation. 
A conducting screen supports the lens and ensures that only energy which 
has traversed the lens reaches the open waveguide used as a probe in the 
image space. The position of this probe along the optical bench on which it 
is mounted is transmitted by selsyn generators to the chart drives of the 
intensity recorder and of the phase recorder. 

The signal received by the probe passes through a waveguide linkage 
arrangement to the detector assembly where it is divided into two parts. One 
part is detected by a crystal diode, and the resulting audio signal is recorded 
on a logarithmic recorder to indicate the intensity of the measured field. The 
other part is recombined with the unmodulated carrier which is brought 
from the klystron along a waveguide path of fixed mechanical length. From 
the recombined signal an audio voltage is obtained which actuates the servo- 
drive on a phase shifter in the reference path. Thus the phase shifter is auto- 
matically adjusted until this audio voltage is zero, and the corresponding 
position of the reference phase shifter, which is proportional to the relative 





FARNELL: MEASURED PHASE DISTRIBUTION 937 


phase of the measured signal, is registered on the second strip-chart recorder. 
Hence, simultaneous measurements of intensity and phase are provided as a 
function of the position of the probe along the optical bench. 


Ill. GENERAL PHASE DISTRIBUTION 


Using the equipment described in the previous section, extensive measure- 
ments of the phase distributions of different microwave lenses have been 
carried out. To determine the general phase distribution over large areas of 
the image space for a given lens, the relative phase was recorded along several 
hundred scans perpendicular to the axis, and from these measurements the 
lines of constant phase in a given plane were plotted. Fig. 2 shows the co-phasal 
contours in half-wavelength increments for a lens system with image distance 
R = 110 cm, lens radiusa = 25 cm, and wavelength A = 3.22 cm. The drawing 
represents the central H-plane, that is, the plane containing the axis and the 
H-vector of the radiating source. Experimental results obtained in the E-plane 
give a similar phase distribution. These phase contours agree very well with 
the contours calculated from the scalar theory of physical optics for a micro- 
wave lens system with about the same parameters (Farnell 1957, Fig. 2(a)). 
The component of measured electric field with the same polarization as that 
of the source is identified with the scalar quantity of such calculations. 

The H-plane contours of constant intensity and of constant phase are shown 
in Figs. 3(a) and 3(0) respectively for the same lens system considered in Fig. 2, 
but with the image distance reduced to 63 cm by displacement of the source. In 
the isophote diagram the intensity is measured in decibels with respect to the 
intensity at the geometrical focus. The dark rings of the Airy pattern which 
lie on an arc centered at the middle of the exit pupil are shown by small 
crosses, and at these points the intensity is below the noise level of the measur- 
ing equipment (—40 db). Outside of the contour marked —30 db, which forms 
an upper boundary on the diagram, the intensity remains more than 30 db 
(0.1%) below that at the focus. The point of maximum intensity occurs on 
the axis at about —2\,, and the axial variations of intensity become more 
rapid as the lens is approached, until in Region A the fluctuations are too 
violent to be shown on a diagram of this scale. 

In Figs. 2 and 3(d) the reference circles indicate the approximate curvature 
of the wavefronts at different places in the image space. The center of circle 1 
on each of the diagrams is the geometrical image point, that of circle 2 is the 
center of the lens, and that of circle 3 is the point of maximum intensity. Circie 
3 is omitted from Fig. 2 because the experimental results do not extend 
sufficiently far beyond the focus for this circle to be significant. As detected 
by the open waveguide probe oriented parallel to the source waveguide, the 
wavefront leaving the lens is nearly that of a spherical wave converging 
towards the geometrical image. Except near the axis this wave deforms 
gradually until in crossing the focal arc it is a spherical wave diverging from 
the center of the exit pupil. At the points of zero intensity on the focal arc 
the phase has singular points which are discussed in more detail below. Some- 
what beyond the focus the center of curvature of the wavefront is the point 
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of maximum intensity. Along the axis itself the phase shift is almost a linear 
function of distance, but very detailed investigation of this region shows the 
‘“‘phase anomaly” long known in light optics (Reiche 1909). A separate paper 
discussing the axial phase behavior in microwave lens systems is being prepared. 

The measured phase distribution in Region 3 of Fig. 2 was very erratic for 
this lens at this image distance. It is believed that the cause of the irregularity 
was energy reaching the probe by reflection from some surface within the 
laboratory. A very small amount of spurious signal could cause the erratic 
phase behavior because the intensity in this region is very low, more than 
30 db below the corresponding axial values. This effect does not occur on the 
other side of the axis, nor for other image distances. 


IV. THE SINGULAR REGIONS 
In the vicinity of the focal arc and of the axial intensity minima, rapid 
phase transitions of the order of 180° occur in distances corresponding to a 
small fraction of a wavelength. To eliminate any errors due to the finite 
response time of the phase plotter, automatic recording was replaced by manual 
point-by-point measurements in these singular regions. The contours of Fig. 4 
give the phase behavior for the lens with 110 cm image distance within about 
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Fic. 4. Measured contours of constant phase near the first dark ring of the Airy pattern 
for the microwave lens system of Fig. 2. This illustration corresponds to Region 2 of the 
latter diagram. Here the phase is measured in degrees. 


one wavelength of the first Airy dark ring, corresponding to Region 2 of 
Fig. 2. Here the numbers on the contours are degrees with the phase at the 
focus taken as +90°. In passing along the focal arc through the singularity a 
sudden phase “‘jump”’ of 180° is encountered, and for parallel paths immediately 
on either side there are rapid but continuous phase changes. Moving out from 
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the axis along a short path on the lens side of the singularity the phase pro- 
gresses to more negative values, while along a parallel path on the other side 
the phase goes to more positive values. Thus, in the region above the singularity 
in Fig. 4 there is a discontinuity in the numbering of the contours, but because 
the phase is arbitrary to any multiple of 360°, the phase itself changes con- 
tinuously along a path across the focal arc in this region. As a result of the 
contours which emanate from the singularity, if the phase changes are measured 
along a closed path enclosing this singularity, then on return to the starting 
point the phase will have advanced or retarded by 360°, depending on the 
direction of travel. The discontinuity in the numbering of the contours across 
the focal arc above the singularity then arises from the imposition of the 
arbitrary condition that the numbering of the contours on the axial side of 
the singularity be continuous. 

The contours of Fig. 5 correspond to a region extending about one wavelength 
on either side of the geometrical image in Fig. 3(6) (image distance 63 cm). The 
singular nature of the phase at the zeros of intensity is shown here for the first 
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Fic. 5. Measured contours of constant phase within about one wavelength of the focal arc 
for the lens system considered in Fig. 3. 
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two dark rings. Also it can be seen that the 90°, —90°, —270° set of contours 
which characterizes the focal arc deviates but little from the theoretical shape 
calculated from scalar theory, that is from circle 2 which is centered at the exit 
pupil. The two broken lines in this illustration are normals to the circle. 

Because of the shape of the respective contours, the curvature of the focal 
arc is more readily observed in plots of phase contours than in plots of intensity 
contours. (Compare Figs. 3(a) and 3(0).) The elongated nature of the intensity 
contours near the dark rings and the finite noise level of the measuring equip- 
ment prohibit the direct determination of the exact longitudinal positions of 
the minima of intensity. However, the corresponding phase singularities can 
be located quite accurately; in fact the small crosses indicating the points of 
minimum intensity in Fig. 3(a@) were obtained from the phase information 
of Fig. 5. 

Fig. 6 shows the contours which resulted from a detailed investigation of the 
phase within about one wavelength of the first axial intensity minimum before 
the focus for the lens system with an image distance of 110 cm. This region 
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Fic. 6. Measured contours of constant phase within about one wavelength of the first axial 
intensity minimum for the lens system of Fig. 2. This illustration corresponds to Region 1 


of the latter drawing. 


corresponds to Region 1 of Fig. 2. Along the axis through this minimum the 
rapid but continuous variation corresponds to one of the transitions in the 
axial phase anomaly calculated for optical lenses by Reiche (1909). From the 
shape of the contours it is seen that the normals to the wavefronts, which 
can be taken to represent lines of energy flow, bypass the axial intensity 
minimum (Farnell 1957, Fig. 4). 

The phase distributions measured in the image space of typical microwave 
lenses have shown remarkable agreement in detail with those calculated from 
scalar optical theory for most regions except within about one lens radius of 
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the lens surface. The singular behavior of the phase at the dark rings on the 
focal arc and the rapid phase transitions near these singularities require that 
any phase measurements in such regions be made with precision and inter- 
preted with care. 


Much of the equipment used in these experiments was designed by Dr. 
M. P. Bachynski and Professor T. J. F. Pavlasek, and was constructed by 
Mr. V. Avarlaid and his technical staff. The comments and suggestions of Dr. 
G. Bekefi and Professor G. A. Woonton were of great assistance to the author. 
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ALPHA DECAY OF SPHEROIDAL NUCLEI 


E. M. PENNINGTON? AND M. A. PRESTON 


ABSTRACT 


A system of coupled differential equations relates the amplitudes of alpha 
particle waves emitted from a spheroidal nucleus described by the Bohr- 
Mottelson model. These equations in spheroidal coordinates have been solved for 
live even—even nuclides with the aid of the electronic computer FERUT. There 
are four possible cases for each nuclide which are consistent with the boundary 
conditions. The solutions of the equations are used to calculate the probability 
density of alpha particles on the nuclear surface for each case. For Case I the 
peak in the distribution function shifts from the nuclear symmetry axis to the 
equator with increasing mass number. The probability density for Case II is 
always peaked between the symmetry axis and the equator, while for Cases III 
and IV it is always peaked strongly at the equator. The change in the distribution 
function with increasing distance from the nucleus is considered for a typical case. 
Barrier penetration factors are calculated and found to differ from those for 
spherical nuclei by factors of the order of 2 or 3. Comparison with the calculations 
of an approximation method of Fréman is made for one nuclide. 


INTRODUCTION 


In this paper we examine the emission of alpha particles from nuclei with 
large intrinsic quadrupole moments. Many properties of the nuclides with 
A = 220 indicate that they have spheroidal shape and rotational energy level 
schemes in accordance with the predictions of the strong coupling collective 
model (Perlman and Rasmussen 1957; Alder et al. 1956). 

For even-even nuclides the 0* ground state of the parent alpha particle 
emitter decays to the various energetically available levels of the daughter. 
The intensities are normally appreciable only to the first three levels, which 
have spins 0+, 2+, and 4* and belong to the ground state rotational band. 

As a result of the intrinsic nuclear quadrupole moment, the emitted alpha 
particle is in a non-central field. Consequently its angular momentum is not 
a constant of the motion until it has reached distances sufficiently great that 
the energy of the quadrupole interaction is negligible. The wave function is 
therefore a superposition with distance-dependent coefficients of the wave 
functions describing the various individual final states, i.e. 


1) v=> >> Dd - = ue (11M ,—m m|I 11M; ye 


l Ty m 
xDx,- m.Ky (91) Vim(0,o)X. 


The function 


ay a x,(9i) 


is the normalized rotational wave function of the daughter nucleus having as 
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argument the Euler angles 0; specifying the orientation of the nuclear spheroid. 
I, is the total angular momentum of the daughter having components M,—m 
and Ky, on the z axis and the symmetry axis of the nucleus respectively. The 
coordinates of the alpha particle are (7, 6, ¢) and Yim(@, @) is the angular 
momentum function of the alpha particle. In equation (1) the summation 
over m ensures that the system has the same total angular momentum, /;, 
and z component, M;,, as the initial nucleus. The function X represents the 
intrinsic particle and vibrational state and is the same for all final states 
considered. 

The non-central potential implies that the Schrédinger equation does not 
separate into individual equations for each W,,,(r) but that the radial 
equations are coupled. As r—o, the coupling terms become small. In less 
exact language, we may say that the alpha particle after emission is still in 
interaction with the nucleus, not only through the central potential 2Ze?/r 
which influences only its velocity, but also through the quadrupole moment 
which can cause the particle and the nucleus to interchange energy and 
angular momentum. It is only when the separation r has become large that 
one can finally decide to which final state the transition has occurred. 

The process under discussion is extranuclear and determines the changes 
in the energy distribution and angular distribution of the alpha particles as 
they move from the nuclear surface to infinity. In this paper we attempt to use 
the intensities observed in the laboratory to deduce the distributions on the 
nucleus. We have studied five representative even—even parent nuclides, U?**, 
Pu? Cm?®, Cf?4#*, and Fm***, The equations have been integrated numerically 
using the electronic digital computer, FERUT, at the University of Toronto. 
We have compared the results for Cm? with those of Rasmussen and Segall 
(1956) and those of an approximation method recently presented by Fréman 
(1957). 

Besides the angular distributions, we have also examined the effect of the 
spheroidal shape on the absolute barrier penetration and have compared the 
results with the approximate calculations of Hill and Wheeler (1953). 


MATHEMATICAL FORMULATION AND METHODS OF CALCULATION 

The general problem of a non-central interaction in alpha decay was first 
formulated and methods of solution indicated in a paper by Preston (1949). 
The theory for spheroidal nuclei both of even and odd A was derived by 
Rasmussen (1953) and Rasmussen and Segall (1956) and was applied by 
them to the decay of Th? and Cm*®. The equations derived by Rasmussen 
and Segall in spheroidal coordinates are the basis of the present calculations. 

Taking the symmetry axis of the spheroid as the polar axis and the center 
of the spheroid as origin, we denote the spheroidal coordinates of a point by 
(£, , @) where ¢ is the usual azimuthal angle and é and 7 are defined in terms 
of the distances 7; and r2 from the two foci to the point: 


£ = (n+r2)/a 


n = (%—7f2)/a 


<q § goa, 
n RE; 


MI 4 
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The constant a is the interfocal distance and is defined by the condition that 
one of the spheroids & = £& must represent the nuclear surface. Spheroidal 
coordinates are connected with spherical polar coordinates by the relations 


r= 
(3) cos 6 
(<1) = 
It will be noted that for large values of r, — — 27/a and n — cos 6. 
Rasmussen and Segall (1956) have shown that it is convenient to work in 
a coordinate system with the zg axis fixed along the nuclear symmetry axis. 
lor even—even nuclides the wave function is given by 
2 
(4) w= — Dd (1)! Wi(E) V,,(cos”'n,6)X. 
@ ¢ even 


This equation can be seen to agree asymptotically with (1) on making use of 
the facts that for even-even nuclides 7, = /, 7; = M; = K,; = 0, and 


(5) ye. “2 DI™ (0;)Vin(O, ), 


where (0’, ¢’) are polar angles with respect to the coordinate system fixed in 
the nucleus. We note that (4) shows that the alpha particle has no angular 
momentum component along the symmetry axis; since it must balance the 
rotational angular momentum component, this is to be expected. 

The Hamiltonian in spheroidal coordinates for even-even nuclei is 


s —h° 1 | O- 0 0 » 4 
6) oe (eh) (-7 
( \ Qu a (&—7') LOE (s 0g 7 On 7) On 


hr (t—1) @ 


oe | ) 
7 21 (f—n") On (I—") ay t Lint + 17(é, n) 


and the coupled equations for the W,(é) are 


| MAW) _ wa | 
——— pp +h) Ws + 59h =; We 


—1 
x | Y,'| E- V(é, ea) V,,dndo = 


In the above yp is the reduced mass of the alpha particle — residual nucleus 
system, J is the effective nuclear moment of inertia, and E is the total disin- 
tegration energy of the ground state transition corrected for electron screening. 
The terms in the Hamiltonian are the relative kinetic energy, the nuclear 
rotational energy, the energy of the intrinsic nuclear motion, and the electro- 
static potential containing both Coulomb and higher order terms. If it is 
assumed that the charge is uniformly distributed throughout the spheroidal 
nucleus, the intrinsic quadrupole moment Qy) = Za?/10 and 


(8) V(é, ») —_ | outs) -. (n) Q2(E) | 
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where 
(9a) Qu(g) = Fin — 
(98) Qx(8) = $P2(8) In ea , 
With these explicit forms, the equations (7) become 
(10) ovale) + VG LD Wel Vw Q+ Vw] = 0, 
where 


: uzes ‘a 2 beat Ea) 2 Fe es sz 


, ( 1 : 


(He) Vw) = — png C0] 0), 2 (out) Zahi lo. | 


¢ 


2uZe- “a 12 


(4) J = AA Ip 
(lid) Vr) = x (e r 7) ga °C (/0\I'0)Q2(E). 
The coefficients C” (/0/'0) are given in terms of Clebsch-Gordan coefficients 
by 
sik) {pe ae ay , 
(1le) Cc“’(i0|/'0) = 4 (R100 |RII’0)”. 


Formulae for C® and (/07'0) and C™ (/0//'0) are given in the Appendix. 

On inspecting the expressions for V@),(&) and V“),(&) we see that part 
of the coupling of the various W, is caused by the non-central character of the 
potential and part by the nature of the spheroidal coordinate system. The 
term V“™,,(&) is much smaller than V®@,,(é) for all &. 

Since the W,(~) become very large near the nucleus making numerical work 
inaccurate, we replace the IV, in this region by Y, exp f(é) where exp /(é) 
has roughly the behavior of the W,. The equations in the Y,(&) are then 
suitable for numerical solution. The function f() is suggested by the WKB 


method and is given by 
fp 3 } ty 
(12) re) =f | a(é cave) —B) | de= | K@adt, 
i . Ji 


where A = 2yZe’a/h?, B = Ea/4Ze?, and éy is the value of & for which 
Q)(t) = B. The equations for the Y,(é) are 


ay cet lMe-V EV E)— LY Vr) 


9 
dt a5 ¢) 


(13) 


XLV re (O+EV ie (&)] = 0 
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where 


(1) MG) = =f L FOH—B+5 a 


lees 


Equations (10) in the far region and (13) in the ae near the nucleus 
must be solved subject to the boundary conditions. At infinity the W, must 
behave as outgoing waves. Thus 


(15) W, => A e=(G, (Rk aé/2) +71F (Rk aé 2) 


The functions G, and F;, are the irregular and regular Coulomb functions 
respectively while the k,; are determined by E—fA*l(l+1)/2l = #k?/2y 
= 3uV?. A summary of Coulomb functions is given in Fréberg (1955). The 
experimental intensities of the transitions to the states of different energy are 
proportional to V,\A ,e? which means that the A, but not the phase factors 
6, can be found from experiment. The 6, are found from the condition that the 
imaginary parts of the W,(£) vanish at the nuclear surface.* This ensures that 
there will be no large currents of alpha particles near the nuclear surface, 
which would be in contradiction with the idea of a slowly decaying virtual 
state: Application of this condition yields not one but 2”~' sets of relative 
phases for the alpha particle waves where 1 is the number of waves considered. 
This may be seen from the case of a spherical nucleus with no coupling where 
any 6, may be replaced by 6,+7. We have taken into account only the first 
three alpha particle waves corresponding to / = 0, 2, 4. The consequences of 
this limitation will be considered in the Discussion. 

The problem is solved by finding six independent solutions of the three 
equations and choosing the linear combination of these solutions satisfying 
the boundary conditions. If (.So‘, Se‘, Sy*) denotes the 7” independent solution, 
the general solution may be written as 


(16) Wit) = DraSi(&) 1 =0,2,4, 


where the a; are complex constants. 
Suppose we write the equations (10) as 


(17) CW /d?—(VoP+ V9) Wi =f 


where V)° and V,° are terms chosen from the expansion of 1) and V; in powers 
of 1/& such that (17) would be the equations for Coulomb functions if f; were 
zero. It then follows that f; is the sum of the coupling terms and the remaining 
terms from the expansion of (Vo +V,)W,. The solution of (17) satisfying the 
boundary condition at infinity is 


(18) W, = Ae™G(é) (1-1) ] +14 ce F() (1+Ji(8)], 


*More precisely, the ratios of the imaginary to the real parts of the W; must be the same 
for all J since the wave function may be multiplied by any complex number of unit magnitude. 
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where 

(19a) L,(§) = Acka. ; Fi (E)fi(€)dé 
a ne \e 

(198) TWO) = Fy aig) GOh leat. 


as may be seen by differentiating (18) twice. In (18) and (19) we have written 
G(é) and F,(é) for what, strictly speaking, should be G,(k,aé/2) and 
F(k aé/2). Let us choose the independent solutions and their first derivatives 
at émax, that is at the value of & where the computer calculations are begun, 
according to the scheme of Table I. 


TABLE I 


INDEPENDENT SOLUTIONS AT & = Emax 





1 2 3 4 5 6 
. Pe ee ee 25 
Fy Go 0 0 0 0 
2 0 0 F, Gs 0 0 
{ 0 0 0 0 Fy Gy 


We now summarize the nature of the computer calculations. The differential 
equations in spheroidal coordinates were programmed for FERUT by Mr. 
W. K. Hastings of H. S. Gellman and Company of Toronto. For the six cases 
in Table I and for each nuclide studied the computer integrates the equations 
in the W, from Emax to Ey = E-—1. It then calculates f(~,) and integrates 
the equations in the Y, from £; to &. Also the differential equation df/dé 
= —K(E§) is solved in the range from & - to &. The numerical method used for 
the solution of the equations is the Runge-Kutta method (Gill 1951). 

The constants a; of the linear combination of the six independent solutions 


are determined in terms of the amplitudes at infinity by (16), (18), and Table 


I as 
a= 1A ye'*o(1 + Jy) a = Ave*®9(1 — I) 
(20) a3 = 1A 9e#®2(1+ J) a= Ave*®2(1 — I) 
a = 1A se 4(] + J) a= Age*4(1 —IJ;) 
with the 7; and J, being evaluated at & = &max, which was taken as 20. In 


evaluating the 7; and J;, the W, are replaced by their unperturbed forms 
A ,e*!(G,+iF,). The calculation of J;and J; involves products of two Coulomb 
functions, either with the same or different values of /, divided by & or £* since 
we ignore higher inverse powers of ~. The approximate expressions for Coulomb 
functions given in the Appendix can be used in the calculation. Trigonometric 
functions which are rapidly varying with respect to the rest of the integrand 
may be replaced by their average values. The evaluation of integrals with 
Coulomb functions of different / involves numerical integration. 
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After calculating the 7; and J, and obtaining the results of the computer 
calculations, we must solve the equations Jm{W,(&)} = 0 in order to deter- 
mine the phase factors. The phase factors are small or differ from a by small 
amounts. 64 is generally larger than the others (or differs from m by a larger 
amount) essentially because A, is considerably smaller than A» or Ao. This 
small value of A, makes J, = —/, larger than Jy or Jo. In solving the three 
equations Im {W (&)} = 0, it is assumed that the 6, appearing in J, and /, 
are equal to zero or m and that the factors cos 6, and sin 6, appearing in the 
a; are + 1 and 6, or 6,/+7 respectively. This results in three linear algebraic 
equations for the 6, and 6,’ which are solved by the usual method. Then a new 
value of J, is calculated using the values of 6, obtained. This yields three new 
algebraic equations which are solved to give better values of 6, and 6/’. 
Then these values are used in calculating the W,(é). Equation (4) can then 
be used to find W(£, 7), the wave function describing the alpha particle on 
the nuclear surface. 

The four cases involving the various choices of phase factors will be referred 
to as follows. Case I has all three phase factors near zero while Case II has 
6) and 69 near zero with 64 near 7. For Cases III and IV 6 is near zero, 65 near 
a, and 64 near zero and a respectively. 


DATA ON THE NUCLIDES STUDIED 
Numerical results have been obtained for the nuclides U?#4, Pu2%8, Cm?” 
Cf2*, Fm®*. These nuclides form a representative selection of the even-even 
alpha emitters for which energies and intensities of the decay to the first three 
states of the daughter nucleus have been measured. There are about a dozen 
of these nuclides which are far enough removed from the Pb®® closed shell 
so that the strong coupling Bohr—Mottelson model applies well. Table IT gives 


TABLE II 


EXPERIMENTAL DATA ON THE NUCLIDES STUDIED 


Intensity (%) 
Outt = E EF» y ~- a — 
Nuclide (mev) (kev) rev i=0 i=2 





Vg 4.887 52.4 72 28 0.3 
Pi 5.626 43.50 43.: 72 28 0.095 
Cm 6.251 44.11 ) 73.7 26.3 0.035 
Cpe 6.905 42.12 78 22 0.16 
Fm?54 7.361 42 3f 83 17 0.4 


experimental data on the nuclides which is of importance for the calculations. 
All of this data was taken from Perlman and Rasmussen (1957). In Table 
IT, Qe is the effective total decay energy, which is the kinetic energy of the 
alpha particle —residual nucleus system, when the residual nucleus is in its 
ground state, plus the electron screening correction. The quantities FE, and FE, 
are the energies of the first and second excited states of the daughter nucleus. 

Table III contains values of constants which are of importance for the 
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TABLE III 


IMPORTANT CONSTANTS USED IN THE NUMERICAL WORK 








First Qo values Second Qo values 
Qo a Qo a 
Nuclide (barns) (10-%cm) £o (barns) (10-%3¢m) to 
U24 7.46 9.10 2.00 9.94 10.51 1.78 
Pu™® 8.37 9.54 1.93 11.16 11.01 1.7 
Cm?2 8.49 9.50 1.95 11.32 10.97 1.74 
Cf 8.87 9.61 1.94 11.838 11.10 1.73 
Fm?54 9.07 9.62 1.96 12.10 3 1.75 


calculations. Two intrinsic quadrupole moments, Qo, were used for each 
nuclide. These were calculated from the semiempirical formula, 


(21) Qo = C'ZEZ'?A“"% = CZE,~'” barns, 


with C being taken as 0.6 and 0.8 and Fy being measured in kilovolts. This 
type of relationship is suggested by the Bohr—Mottelson model (Bohr and 
Mottelson 1953), but the constant C is adjusted to give values in line with 
the experimental values which have been found for nuclides in this region of 
A values (Alder et al. 1956). This adjustment is necessary since the deformation 
parameter 8 calculated from rotational energy levels does not agree with that 
calculated from Qy (Sunyar 1955). 

The value of ~ at the nuclear surface, i.e., &, is calculated on the assumption 
that the nuclear spheroid has the same volume as a sphere of radius Rp where 
Ry is found from Ry = 1.385107 A'8em. The significance of this value is dis- 
cussed later. 

RESULTS OF THE COMPUTATIONS 

Table IV gives the values of W.2/Wo and W4/W, at the nuclear surface for all 
the nuclides studied. Figs. 1 to 10 are graphs of WW? vs. cos~'y on the nuclear 
surface where the wave function W(£, 7) is given by (4). For these graphs the 
normalization of the wave function was chosen arbitrarily, but is the same for 
all four cases of a given nuclide with given Q». Fig. 11 is a graph of |W)? vs. 
cos~'» for three values of & for Case I of Cm?#”, 2nd Q» value. The normali- 
zition is chosen to give approximately the same peak height for each value 


of &. 
The penetration factor, P, of the electrostatic potential barrier is defined as 


(22) P= f wi'as / f lv |"d S, 


where Sq is the surface of a large sphere centered at the nucleus and S, is 
the nuclear surface. In Table V are listed the natural logarithms of the pene- 
tration factors or their ratios for all cases studied for the first and second Qy 
values of the nuclides respectively. In this table P, refers to the penetration 
factor for a spherical nucleus with / = 0, i.e. 1/[Go(RoRo)}?, while the symbols 
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Fics. 1-10. The density of alpha particles on the nuclear surface as a function of cosy, 
which is approximately the polar angle. Each figure is for one nuclide with a given quadrupole 
moment Qo. The four cases for each nuclide are discussed in the text. 
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TABLE IV 
VALUES OF W2/Wo AND W,4/Wo AT & = & FOR THE NUCLIDES STUDIED 
Nuclide Case | Case II Case III Case 1V 
uU™ Qo = 7.46 barns 
W2/Wo 0.59 1.29 —1.07 —0.92 
W,/Wo 0.04 —1.67 0.70 0.17 
Qo = 9.94 barns 
W2/Wo 0.32 1.38 —1.05 —0.91 
W./Wo —0.07 —2.04 0.70 0.29 
Pu? Qo = 8.37 barns 
W2/Wo 0.43 0.67 —0.98 —0.92 
W,/Wo —0.31 —0.86 0.53 0.34 
Qo = 11.16 barns 
W2/Wo 0.23 0.53 —0.98 —0.92 
W./Wo —0.37 —0.94 0.56 0.42 
Cm? Qo = 8.49 barns 
W2/Wo 0.36 0.46 —0.94 —0.91 
W,/Wo —0.35 —0.61 0.46 0.36 
Qo = 11.32 barns 
We/ Wo 0.17 0.30 —0.95 —0.92 
W./Wo —0.38 —0.64 0.51 0.43 
Cf Qo = 8.87 barns 
W./Wo -0.13 —0.55 0.48 0.29 
Qo = 11.83 barns 
W2/Wo —0.09 0.11 —0.93 —0.87 
W./Wo —0.13 —0.53 0.52 0.37 
Fm? Qo = 9.07 barns 
W2/Wo —0.07 0.14 —0.88 —0.79 
W,/Wo 0.04 -0.51 0.49 0.20 
Qo = 12.10 barns 
W2/Wo —0.25 —0.02 —0.91 —0.82 
W,/Wo 0.05 —0.45 0.52 0.29 








TABLE V 
BARRIER PENETRATION FACTORS 





Nuclide InP; In(Puw/P-) = In(P1/P-) In(Pu/P-) In(Pm/P.-)  In(Piv/P-) 





First Qo values 


Us —80.76 2.75 0.99 —0.16 —1.80 —1.35 
Pus —72.48 2.96 0.80 0.37 —1.69 -1.51 
Cm —67.01 2.90 0.77 0.58 —1.49 ~1.40 
Ci —62.10 2.90 0.70 0.70 —1.43 —1.25 
Fm? —59.40 2.85 0.55 0.44 —1.29 —1.03 
Second Qo values 

[34 —80.76 3.67 1.19 —0.13 —2.21 —1.75 
Pu** —72.48 3.93 1.06 0.66 -—1.91 —1.74 
Cm*? — 67.01 3.84 0.83 0.68 —1.87 —-1.79 
Cf —62.10 3.86 0.58 0.50 —1.86 —1.68 

3.79 0.39 0.47 —1.63 —1.37 


Fm? — 59.40 
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P, to Pyy refer to Cases I to IV above, and Pyy refers to the penetration factor 
as calculated by Hill and Wheeler (1953) assuming emission of alphas to occur 
only radially at the poles (9 = 0, 7). 


3.5; 


> Nn Nn 
v So aD 


PROBABILITY DENSITY Iwi? 


2. 


Oo- 10° 20° 30° 40° 50° 60° 70° 60° 90° 
cos"! 


Fic. 11. |W/?is plotted against cosy for = 1.74, 3, 6 for Case I of Cm*?, Qo = 11.32 barns. 
his figure illustrates how the angular distribution alters as the distance from the nucleus is 
increased. 


DISCUSSION 
kor Case I the probability density on the nuclear surface is peaked about the 
nuclear symmetry axis for U***. The peak shifts to midway between the 
symmetry axis and the equator for Pu?*, Cm?”, and Cf?"*, while for km*** the 
distribution is mildly peaked about the equator. The distribution functions 
are not very different for the two Q, values of the nuclides, although there is a 
tendency for a shift in probability towards the equator for the larger of the two 


quadrupole moments. However, we cannot say definitely that the shift would 


be greater if the quadrupole moments were increased still more. The proba- 
bility density for Case II is always peaked midway between the equator and the 
poles, while for Cases II] and IV the peaking is always very strong at the equator 
with little chance of an alpha particle being found near the poles. 

Rasmussen and Segall (1956) have also integrated the coupled equations 
inward by a numerical method for Cm?", Although they used a quadrupole 
moment considerably larger than those employed in this paper, their plots of 
WV? vs. cos~'n on the nuclear surface are in qualitative agreement with ours. 

We note from the data in Table II that the intensities of alphas with / = 2 
decrease with increasing mass number from U?** to Fm‘ while the intensities 
of particles with / = 4 decrease to a minimum at Cm?” and then increase. This 
variation in the experimental intensities of the states is quite important for the 
different types of behavior of the probability density at the nuclear surface 
as can be seen by noting that 


(23) W (£0) => A) S ?+Ascos 6.5 +A 4COS 645°, 
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where cos 62 and cos 64 are roughly + 1 depending on the case. This relation 
would hold true if the 7; and J; were all zero and if the phase factors were 
zero or m. Since S? and S/ always have opposite signs from S;‘ at the surface 
because V'°)(£) is negative in the region near the nucleus, the relative values 
of the A, have a large effect on the W(é). 

The most serious limitation on the accuracy of the present work is the 
neglect of alpha particle waves with angular momenta greater than / = 4. This 
causes an uncertainty in the values of the W (&) which increases from / = 0 
to / = 4. Besides the computational difficulty involved, the chief justification 
for the neglect of the waves of higher angular momenta is the fact that the 
hindrance factors of these waves are high. This means that AgGes would be 
considerably less than AoGp at the nuclear surface if we consider a spherical 
nucleus without non-central interaction. However, Rasmussen and Hansen 
(to be published) have made computer calculations for Cm? including the 
! = 6 wave and have found that the distributions on the nuclear surface are 
altered somewhat. The values of W2/ Wo» and W;/W, on the nuclear surface are 
such that the effect of considering higher / values on the plot of \W)? vs. cos~'y 
would likely be greatest for Case I of U?*4 and Fm*4, 

Only one of the four cases represents the actual physical situation. It is 
therefore important to know which set of phase factors is correct. There 
appears to be no simple way of finding phase factors for even—even nuclei 
experimentally. A study of the alpha-gamma angular correlation in Am**! 
shows that the / = 0 and / = 2 waves have approximately the same phase 
factors (Perlman and Rasmussen 1957). This is an odd A nuclide and the two 
angular momentum waves lead to the same final nuclear state. If we neverthe- 
less assume that the same phase relation holds true for even—even nuclides, 
we restrict ourselves to Cases I and II. If we go still farther and assume that all 
phase factors are approximately equal, we restrict ourselves to Case I. Cases 
II] and IV appear improbable a priori because the distribution on the surface 
is restricted so greatly to the equatorial region. 

The graph of |W? vs. cos~'y for three values of & (Fig. 11) shows a shift in 
probability density towards the symmetry axis with increasing & A physical 
explanation can be given for this behavior. The Coulomb potential on the 
surface is higher at the equator than at the poles because the nuclear radius 
is smaller at the equator. This effect outweighs that of the quadrupole potential 
which is positive at the poles and negative at the equator. Also the spheroids 
defined by £ become more nearly spherical as £ increases so that the distance 
between the surfaces & and é is less at the poles than at the equator. For these 
reasons, alpha particles can penetrate more easily through the polar barrier 
and consequently the density maximum shifts towards the poles as & increases. 

With one exception, the barrier penetration factors for Cases I and II are 
greater than those for spherical nuclei with / = 0, but only by a factor which 
is about two on the average. The penetration factors for Cases III] and IV 
are less than those for spherical nuclei. This is not surprising since the distri- 
bution of alphas on the surface in these cases is always highly peaked about 
the equator. The potential barrier is, of course, higher and thicker at the 


equator. 





960 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


Hill and Wheeler (1953) have considered the effect of the spheroidal nucleus 
on barrier penetration by recalculating the WKB integral for 1/[Go(RRo)}?. 
This results in an enhancement of the one-dimensional penetration at an 
angle @ to the symmetry axis by the factor exp [2BP2(cos @)] where B is a 
parameter proportional to the nuclear deformation. They estimate roughly 
the magnitude of the effect by setting 6 = 0 in the exponential factor. This 
gives an enhancement of barrier penetration by a factor of about 15 to 20 for 
the first Qy) values and about 40 to 50 tor the second Qy values. If we average 
the enhancement factor over solid angle, we get 


. ay (3B) 
(24) iJ exp[BP2(cos 0) |dQ = 1/ (si )exn(-B)| exp x'dx, 
. J 


which yields values of the order of 2 or 3. 

Fréman (1957) has recently given a treatment of the alpha decay ot 
spheroidal nuclei in which he derives approximate analytical expressions re- 
lating the distribution on the nuclear surface to the intensities of the various 
angular momentum waves at infinity. We now compare our results for the 
larger Q) value of Cm?” with those obtained using Fréman’s formulae. From 
Fréman’s equation (VI-12) we get 


Lvkiv(B jay i 3 Al 1G (Rk Ro ) 


Lrkov(Byay oi Ao 70(RoRo) 7 

where the k,,(B) form a matrix describing the coupling effects and are defined 
on page 19 of Fréman’s paper. The a, are the coefficients of the Vi »(9, @) in 
the expansion of the alpha wave function on the nuclear surface in terms of 
spherical harmonics. Equations (25) are two equations from which we can 
find the ratios d2/d) and a4/a) from the experimental A, and the matrix 
elements k;,(B) calculated for B = 1.92. Ii equations (25) a plus sign in front 
of the ratio (A ,G,)/(AoGo) corresponds to the case where 6; is near 0 while a 
minus sign corresponds to the case where 6, is near 7. Thus a comparison 


(25) 


can be made with the results for the four possible sets of phase factors. Since 
the a, are coefficients of the expansion of the wave function on the nuclear 
surface in terms of the Y»(@, @), it is necessary to expand the Y (6, ) in 
terms of the }'~(cos~'y, ¢) in order to make comparisons with our computer 
calculations. Table VI contains the results of the calculations based on 
Fréman’s work along with our values for comparison. It is seen that Fréman's 
results are in reasonable agreement with the numerical calculations. 


TABLE VI 


Values of W2/Wo and W,/Wo at €=£ for Cm* using Fréman’s formulae 


Case I Case II Case III Case IV 


Qo=11.32 barns 

W2/Wo Fréman 0.19 0.33 —0.94 —0.92 
This work 0.17 0.30 —0.95 —0.92 

W,/W> Fréman —0.30 —0.59 0.52 0.44 

This work —0.38 —0.64 0.51 
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Fréman has also shown that deformations in the nuclear surface of higher 
order than the Y2) deformation may be of importance for alpha decay. However, 
it is difficult to treat this consideration systematically as there is no experi- 
mental data on higher order deformations. 

Nosov (1957) has derived formulae for the alpha decay of even-even 
spheroidal nuclei which are similar to those of Fréman except that Fréman’s 
B is replaced by a quantity which is equal to B plus a small imaginary part. 

We have assumed that the nucleus has a sharply defined surface with a 
uniform charge distribution inside. Actually the charge density tapers off 
gradually near the nuclear surface. This effect changes the electrostatic 
potential somewhat but is probably not too important for our calculations. 
Also, the short range nuclear forces may be of some importance near the 
nucleus. However, it is difficult to treat this effect quantitatively since the 
specific form of the interaction is not known. 

A nuclear radius of 1.35 107-'%A'/3 cm was used in all calculations. Perhaps 
we should have used a larger radius in determining the value of & at which to 
stop the inward integration of the equations in order to allow for the radius 
of the alpha particle. Rasmussen and Segall (1956) made their calculations 
for radii of 1.2X107'? A! em and 1.35X10-8 A’? cm and found that the 
change in radius did not affect the distribution on the surface greatly. 
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APPENDIX 
Explicit formulae for C® (/0/’0) and C“? (l0!/'0) are given below 
i(l+1) 
(2/—1)(2/+3) ’ 


3. (/+-:1) (/+2) 


2 (2/+3)([(2/+1) 214+5)]*’ 


OE ed) | 
4 (27-3) (21—1) (214-3) (2/45) ' 


(26a) C™(10\I0) = 
(266) C(10\l+2,0) = 


(26c) C(10\I0) = 





7 rE) 5 1(1+1)(+2)0+3) 
(26d) CUO'I+2, 0) = 5 BR GI43)GIF7)[QIED O45" 
35 (I+ 1) (+2) (+3) (0+4) 


om. ey ip _3o FD) +2) +9) 
(26e) O° WO'+4, 0) = “S aF 3) (+5) (QI+7)[(2I+1) (249) 


Approximate formulae for Coulomb functions in the region well beyond 





962 CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 


the classical turning point can be derived from equations in Fréberg (1955). 
These formulae, valid for small values of /, are 


(27a) Gi(kr) = (coth u)!” cos(¢—g,) 
(27d) F (kr) = (coth u)'” sin(@—g,) 


with coth « = (kr/2n)'”, @ = 2n(sinh ucosh u—u)+7/4, g; = [1(1+1)/2n]tanh u, 
and n = 2pZe*/h7k. 
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THE NUCLEAR ABSORPTION OF X-RAYS BY OXYGEN' 


A. K. M. Sippig? AND R. N. H. HAsLam 


ABST RACT 


The total X-ray attenuation ratio in water was measured as a function of 
energy in the region 15-25 Mev, with a view to studying the nuclear absorption 
process in oxygen. The known energy response characteristics of several ‘‘activity 
detectors” (Zn®4(y, 2)Zn®, C!2(y, n)C", $32(+, d) P3°, O'8(y, 2)O"5) to bremsstrah- 
lung were employed in these measurements. 

The experimental values of the attenuation ratios were compared to the pre- 
dicted values calculated on the basis of various assumptions concerning the 
nuclear absorption process. 

The best description of the nuclear absorption process in oxygen appears to be 
continuous absorption on which relatively small absorption peaks are super- 
imposed. 


INTRODUCTION 

In the process of absorption of X-rays, electronic effects (Compton effect, 
photoelectric effect, pair and triplet production) play the major role, but in 
the energy range 10 to 30 Mev nuclear processes may be appreciable, 
particularly in the case of low Z elements. Several investigations of this 
phenomenon have previously been carried out, notably by Adams (1948), 
Walker (1949), and Haslam (1953). Electronic effects have been investigated 
thoroughly both theoretically (White 1952) and experimentally. The object 
of this paper is to discuss the part played by nuclear absorption leading to 
photonuclear reactions in the absorption of X-rays by oxygen, in order to 
estimate the magnitude of the effect, and also to investigate the mechanism of 
the nuclear absorption process. 

Various nuclear reactions result from the absorption of X-rays by nuclei. 
Investigation of the activation curves for several low Z elements demonstrates 
the existence of sharp ‘‘breaks’’ (Haslam 1952), rather than the reaction 
vield being a smooth function of energy. These breaks have been attributed to 
the existence of discrete photon “levels” in the nucleus. This raises the question 
of the relative importance of discrete levels compared to continuous absorption 
in the “giant resonance”’ region. A further possibility is a continuous absorp- 
tion on which is superimposed absorption in discrete levels. 

Suppose an X-ray beam is passed through an absorber and the attenuation 
of the beam is measured by means of the activity induced in a suitable detector 
placed behind the absorber. If the detector and absorber are of the same 
material, and if absorption takes place in discrete levels, one would expect the 
measured nuclear contribution to the absorption process to be enhanced, 
since just those photons to which the detector is sensitive are preferentially 
absorbed. If the absorber and detector are of different materials and if the 
detecting reaction is produced by photons in well-defined energy regions 

1Manuscript received March 3, 1958. 
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which differ from the absorbing levels, little or no nuclear absorption would 
be detected. 

The nuclear reactions which are important for absorption of X-rays in the 
oxygen nucleus in the region up to 25 Mev are O!%(y, n)O"™ and O'%(y, p)N?®. 
The contributions of other reactions in oxygen are negligible in the 25 Mev 
energy range. In calculating values of the total absorption ratios, the electronic 
absorption coefficients as given by White (1952) were used. In the course of 
the experiment these theoretical electronic coefficients were checked using a 
zinc detector whose response peaks in the energy region where nuclear absorp- 
tion is not very important. These results were used to adjust electronic 
absorption coefficients. 

EXPERIMENTAL METHOD 
General 


The experimental arrangement adopted is shown in Fig. 1. The well- 
collimated X-ray beam from a 25 Mev betatron passes through the front 


EXPERIMENTAL ARRANGEMENT 


_ lead 
\Collimator 


Front <-Woter --Rear 


Betatron Detector \ Absorber Detector 


Fic. 1. Experimental arrangement. 


detector, water absorber, and a rear detector placed in ‘‘good geometry.’’ The 
front detector serves as a beam monitor and makes it unnecessary to measure 
the X-ray dose since the activity built up in it is directly proportional to that 
in the rear detector. The detectors are irradiated in fixed positions, first 
without the absorber, and a ratio of activity of the front detector, A ry, to that 
of the rear one, Az, is measured. In the same way the ratio of the activities 
A’, and A’, with absorber in place is determined. Thus an absorption ratio R, 
which is independent of geometry, dose, etc. is found: 
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If Ay = A’,y, which is the case if the same X-ray dose is given to the front 
detector with and without the absorber in place, the spectrum of X-rays 
striking the front detector being, of course, the same in both cases, then, 


Ap 
Rua =F, 
Ap 
In future we shall assume that the appropriate normalization has been carried 


out. 


2wEo 
Ap=C { o(E)P(E, Eq)dE , 


Et 


Eo 
ARp=C | o(E)P(E, Ee"? "dE , 
YE 

where o(£) is the cross section of the detecting reaction at energy £, and E, 
the threshold of this reaction. P(E,E)) is proportional to the number of 
photons per 1/2 Mev energy interval centered on the energy E when the 
betatron is operating at energy yo, XY is the thickness of the absorber, and 
ur(E) the total absorption coefficient of the absorber at energy E. Further, 
since C is the same in both expressions, and since a ratio of the two is taken, 
we shall drop the subscript and the proportionality constant and write: 


A 
R=7, 
with 
Eo 
A= f o(E)P(E, Ev)dE , 
(1) Et 


A’ 


2 Eo 
. ~ ~ — 1) xX 
j o(E)P(E, Ev)e one dE. 
es E; 

The ratio R is determined experimentally (as a function of peak energy Fo) 
and compared with theoretical values obtained by making various assumptions 
concerning yr(E), that is to say, concerning the nature of the absorption 


process. 


Absorber 
The absorber employed in these experiments consisted of a water column 


93 cm long and 7.5 cm in diameter. The ends of the water column were closed 
with lucite windows of 0.3 cm total thickness. The absorption contribution of 
these windows was taken into account separately in calculation of the total 
absorption. The apparatus was aligned in the beam using X-ray photographs. 
The betatron beam was so collimated that it did not strike the absorber walls. 


Irradiation 
An irradiation procedure was adopted such that optimum counting statistics 


were obtained, the length of the irradiation varying with energy. In order 
to avoid systematic errors arising from energy drift or counter sensitivity 
change, samples were irradiated alternately with and without an absorber. 
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Counting 

The detecting samples were counted in cylindrical geometry by Victoreen 
1B85 Geiger tubes feeding into Berkeley model 2000 scalers which were started 
and stopped by a relay timer system. Counter sensitivity was regularly 
checked against a uranium oxide standard. Loss of counts due to high counting 
rates was negligibly small. 
Detecting Reactions 


Some characteristics of the detecting reactions employed appear in Table I. 


TABLE I 
DETECTING REACTION DATA 








Detecting Sample Threshold Cross-section Half-life 
reaction material (Mev) peak (Mev) (min) Reference 





O'8(y,2)O' — Boric acid 15.6 24 2.0 Horsley 1952 
Zn®4(y, 2)Zn® Zinc sheet 11.4 19 38.0 Katz 195la 
Cy, n)CH Polystyrene 18.7 23 20.6 Haslam 1953 
$22(7, d)P2 Flowers of sulphur 19.4 26 2.55 Katz 1951b 


Errors 

The detecting reactions employed exhibited virtually no spurious activities. 
The maximum energy drift of the betatron was estimated to be of the order of 
60 kev during the course of the experiments, while the absolute energy scale 
calibration was known within +50 kev. The positions and sizes of the samples 
and the size of the beam being well defined, the secondary scattering into the 
back detector was calculated and corrections were applied to the measured KR 
values. The magnitude of these corrections in no case exceeded 0.4% of the 
apparent value. 

The factor limiting the accuracy of these experiments was the achievable 
counting rate, particularly in the low energy region. 


THEORY 


General 

Nuclear absorption in oxygen is due principally to the reactions O'8(y, m)O"™ 
and O'%(y, p)N'®. The level structure of the (y, 2) reaction has been investigated 
by Penfold (1955), whose results are followed in this discussion. The integrated 
cross section of each level was determined, and the peak height was computed, 
assuming a Breit-Wigner resonance shape, and a width of 25 kev for all levels. 

The results of the investigations of Stephens (1955) and of Johansson (1955) 
and Cohen (1956) seem to indicate that the location and magnitude of the 
levels in the reaction O'%(y, p) N'® are consistent with the observed “breaks’”’ in 
the oxygen (y,) reaction. The cross-section curve of Stephens (1955) was 
reconstructed taking into account transitions to the 5.3 Mev and 6.3 Mev 
levels of N!, as well as to the ground state. 

This reconstructed curve has an integrated cross section almost twice that 
of the corresponding (vy, 2) reaction. A value of the integrated cross section of 
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the (y, p) reaction twice that of the (y, ) reaction seems to be of the order 
expected from the branching ratio G, = 0.36 (Penfold 1955). 


Smooth Absorber and Smooth Detector 
Consider that nuclear absorption of photons in oxygen takes place con- 
tinuously over the energy region in question and that the response characteris- 
tics of the detectors are smooth, continuous functions of energy. 
Then 
wEo 
A= J o(E)P(E, Ey)dE, 
Et 
and 
~wEo 
A’= J o(E)P(E, Eve ~“***"**”*dE, 
Et 
where ye, wp, and yw, are the absorption coefficients representing interactions 
with electrons, protons, and neutrons respectively. Thus the absorption ratio 
is given by: 


wEo wEo 
(2) R = A = J o(E )\P(E, eae [ f o(E PC (E, Ey sg erent: 


A Et 
Level Absorber and Level Detector 
Assume that the nuclear absorption of photons takes place in discrete levels 
and that the detector responds to available photons in discrete levels. For an 
oxygen detector the contributions to absorption and detection processes that 
are due to (y, ”) reactions may be calculated from Penfold’s data (1955). 
Now: 


*+ao 
=D J oe)Pce, Eve, 


Sie ee ; ; 3 4 
where J=@(E)dE is the integrated cross section of the ith resonance level. 

If the levels are narrow and the photon spectrum is nearly constant over one 
level, 


ae P(Ei, Eo) & o,(E) dk, 


where E; is the energy corresponding to peak level cross section. With a 
“smooth absorber’’ e~#7'®)* is constant over the level and R could be ex- 
pressed as, 


+00 *+a 
(3) R= > P(E, Es) J o(E ME / & PBs Ee me | o,(E)dE. 


—o 


If the (y, p) process is described by a smooth cross section curve but the 
(y, ) reaction takes place in levels, the activity with the absorber in place is, 


+a 
= >> P(Ei, Bae orrnx f o (E)e*" *dE, 
i 


ae 
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where y+, is constant over any one level, but u, is a function of energy, 
following the Breit-Wigner formula. 
Then 
+a 
(4) R= PE, Ee) J o (E)dE / _re.wnre 


+a 
x f elke. 


Note that, if the detector and absorber are the same material, 


+c - ®+c0 
(5) J o(E)er dE = Ore TA ){ o(E)dE, 


where yp» is the maximum cross section of the level at E; and Jo(tu,X/2) is a 
Bessel function of order zero and imaginary argument. 
To obtain the relation (5) write 


9 


a 


REYNE) Gee ee 


The integral 


“ala a” | —a°X | 
= J. (EE) +e P| EE +o | 


is reduced by successive transformations 


E = E,+btané, 20 = r--a, 


a Eee fexp| 2% a | . 
b xp ye Jo ex] 2p ‘ Sa a. 


The integral is evaluated through use of the relation: 


to the form 


rJ)(z) = { exp [—iz cost|dt, 0 < args < 7, 
V0 


for z = iy, y real and positive. (See, for instance, page 21 of Vol. II, Higher 
Transcendental Functions, compiled by the staff of the Bateman Manuscript 
Project, McGraw-Hill Book Co. Inc., New York, 1953.) The final result is 


= a” : ~¢°X ia°X 
pe ee ee ae 


With 


this becomes 
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, . +o 
I= exp| — =| Jo (#=X) J o(E)dE, 


which is the relation (5). 
Now from (4) and (5) R may be written: 


e*+00 
(6) R= LDPE, Ek) | AEE / 
; —(MetHp) X —umX /2 1imX ” . 
>: P(Ei, Eve € Jae o(E)dE. 


As a second possibility assume that the (y, p) reaction as well as the (vy, 2) 
takes place in levels. Since experimental data on the level structure of the 
(y, P) reaction are inadequate for our purposes, the (y, p) levels were considered 
to coincide with the (7, 7) levels and to have just twice their magnitude. The 
validity of these assumptions has been discussed in the preceding section. The 
expression replacing (4) now assumes the form, 


t+ 
(7) R= > P(E, Ev) a (EAE / 
> P(E:, Ev)e** J ao (E)e *" *dE, 


which reduces to 


(8) R= >> P(Ei, Eo) (Ede / 
bk aaa eee Oe pee 
> P(E: Ev)e“*e wari; ( BtnX) J o,(E)dE, 
t = —co 
again under the assumption that detector and absorber are the same material. 


Level Absorber and Smooth Detector 
These considerations apply in the case of those detectors whose response 
characteristics are believed to be smooth functions of energy. First consider 
absorption due to (vy, p) to be smooth and (y, ”) to be in levels. 
2Ey 
Ac j o(E)P(E, Ey)dE and 
. 


Et 
(9) wEo 
A’ = | o(E)P(E, Eye (sth? smootn* reve XJ 
VEt 
Splitting this integral into ‘“‘smooth”’ and ‘“‘level”’ parts, and assuming narrow 
levels, it follows that, 


Eo 
(10) 4’ = o(E)P(E, Ey)e “***? *dE 
VE 


ot 


—2>> P(E, Ev)o(E,e “*"* j (l—e""™* dE. 


The factor 2 in the second term arises from the fact that the bin width in the 
photon spectrum tables used was 4 Mev. 
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Now for u,X sufficiently small the integral 


+o 
J (l—e"™* dE 


may be approximated by 


Writing 


> 


i (E-E) +0 


straightforward integration yields 


Sa | 1 | - x1 lf o,(E)dE 


where X’ is the absorber thickness expressed in units that make X’o,(F) 
dimensionless, in this case atoms/millibarn. 


Thus: 


2Eo 
(ll) R= { o(E)P(E, Ea)a. / 


Et 


2wEy 
j o(E)P(E, Eye “**"? “dE —2 = P(E;, Eo)o(E,e*"**?* 


Et 


If now we consider absorption due to (y, p) to be in levels, under the assump- 
tion uy» = 2u, we obtain, 


27Eo 
(12) R= { o(E)P(E, Ea) / 


Et 


Eo 
{ o(E)P(E, Eo)e“**dE—-6 > P(E, Evo (Ee*™* 


Et 


EXPERIMENTAL RESULTS 
Experimental results are presented in graphical form in Figs. 2-5. The in- 
dicated errors are probable errors. Each data point represents the average of 
ten or more determinations. The theoretical curves are the result of straight- 
forward but laborious calculation on the basis of the appropriate equation 
(26.0, 24-Or La). 


Zinc Detector 

The maximum cross section for the detecting reaction Zn®4(y, 2)Zn* is at 
an energy low compared to the energy region in which strong nuclear absorp- 
tion in oxygen would be expected. Thus the zine detector has been used to 
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provide a check on the theoretical electronic coefficients which have been 
used in the calculations of R. In Fig. 2 the center-line curve, A, shows the 
value of R computed from equation (1) assuming electronic absorption only. 
The upper solid curve, B, shows the value of R computed on the assumption 


ZINC DETECTOR 


ABSORPTION RATIO R 


13 14 #15 16 17 18 Se 2 @ 
MAX. BETATRON ENERGY (MEV) 


Fic. 2. Absorption ratio R as a function of maximum betatron energy for a zinc detector, 
with unrevised and revised electronic absorption coefficients. Curve A assumes electronic 
absorption only, curve B electronic and nuclear absorption, both with unrevised electronic 
absorption coefficients. Curves C and D are the corresponding curves calculated with revised 
electronic absorption coefficients. 


of smooth nuclear absorption, from equation (2). Clearly the experimental 
points fall below the theoretical curve—even below the curve for electronic 
absorption only. This indicates that the electronic absorption coefficients used 
in the calculation (White 1952) are too high. They have been lowered by 
an arbitrary amount (1.0%) throughout the energy region 15-25 Mev to 
secure agreement between the experimental and theoretical curves for the 
zinc detector. The dotted curve, C, of Fig. 2 shows R as a function of maximum 
betatron energy calculated on the basis of revised electronic coefficients, but 
for electronic absorption only. The broken-line curve, D, shows the effect of 
including the contribution of nuclear absorption. The revised electronic 
coefficients have been used in all cases. The validity of this correction in view 
of the values of electronic absorption coefficients recently presented by 
Grodstein (1957) has been discussed in a previous publication (Bergsteinsson 
1958). 


Carbon and Sulphur Detectors 

Figs. 3 and 4 present the results for carbon and sulphur detectors respec- 
tively, assuming that the detectors have smooth response characteristics. The 
dotted curves, A, represent the theoretical values of R assuming electronic 
absorption only (Eq. (1) with ur = u,). The solid curves, B, represent the 
calculated values of R including nuclear absorption on the basis of smooth 





CANADIAN JOURNAL OF PHYSICS. VOL. 36, 1958 





CARBON DETECTOR 
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Fic.3. Absorption ratio R as a function of maximum betatron energy for a carbon detector, 
assuming ‘‘smooth”’ detection, but with various assumptions concerning the absorption 


process. In the calculation of curve A electronic absorption only is assumed. B assumes smooth 
(y, 2) and smooth (y, ®) absorption. C assumes level (y, 2) and smooth (y, p) absorption, and 
curve D assumes level (y, 2) and (y, p) absorption. 
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SULPHUR DETECTOR 
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FiG. 4. Absorption ratio R as a function of maximum betatron energy for a sulphur detector, 
assuming “‘smooth”’ detection, but with various assumptions concerning the absorption process. 
In the calculation of curve A electronic absorption only is assumed. B assumes smooth (y, 7) 
and smooth (y, £) absorption. C assumes level (y, 7) and smooth (y, p) absorption, and curve 
D assumes level (y, ”) and (y, p) absorption. 
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(y, m) and (y, p) cross-sectional values for oxygen (Eq. (2)). The center-line 
curves, C, assume smooth absorption due to the (y, ») reaction and absorption 
in discrete levels due to the (y, ”) reaction in oxygen (Eq.(11)). The broken 
line curves, D, assume level (y, p) as well as (y, 2) absorption (Eq.(12)). 












Oxygen Detector 

Fig. 5 shows the results for oxygen. The dotted curve, A, represents the 
theoretical R values calculated from equation (1) with ur set equal to »,. The 
solid curve, B, shows R calculated on the basis of smooth nuclear absorption 
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Fic. 5. Absorption ratio R as a function of maximum betatron energy for an oxygen 
detector, with various assumptions concerning the absorption process. In the calculation of 
curve A electronic absorption only is assumed. B assumes smooth (y, 2) and smooth (y, p) 
absorption. C assumes level (y, 2) and smooth (y, p) absorption, and curve D assumes level 
(y, ») and (y, p) absorption. 












(Eq.(2)). In both these cases smooth response characteristics of the detector 
have been assumed. The RX values represented by the center-line curve, C, and 
the dashed curve, D, have been calculated on the basis of assumed level 
structure of the detecting reaction O'%(y, 2)O' (expressions (6) and (8)). The 
center-line curve shows the values of R calculated on the basis of a smooth 
cross section for the (y, P) reaction and a level structure for the (y, 7) reaction. 
The dashed curve represents the values of R which would be expected when 
we assume that both the reactions (y,) and (y, p) occur only in discrete 
levels, and that (y, p) levels are in the same position but have twice the in- 











tegrated cross sections of the (y, 7) levels. 
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DISCUSSION OF RESULTS 


Carbon and Sulphur Detectors 

An examination of Figs. 3 and 4 shows that, as expected, nuclear absorption 
makes an appreciable contribution to the total absorption. The theoretical 
curves obtained on the assumption of smooth nuclear absorption (solid, B) and 
smooth (y, p) but level (y, 2) absorption (center-line, C) agree reasonably well 
with the experimental points, but the precision of the results is not nearly good 
enough to distinguish between these two hypotheses. The broken-line curves, 
D, based on the assumption of level absorption in (y, p) as well as (y, 7) 
reactions, fall far below the experimental points, particularly in the region of 
22.5 Mev. This appreciable difference may be predicted from inspection of the 
(y, n) and (y, p) cross-sectional curves. Whereas in calculating the broken line 
curves we assumed (y, p) levels having twice the magnitude of the (y, 7) 
levels, the average value of the smooth (7, p) cross section in the region 21.5 
Mev to 23 Mev is about four times the value of the smooth (y, 7) cross section. 

An important point may be made from the observation that appreciable 
nuclear absorption does take place. Experimental evidence indicates that 
there are discontinuities in the activation curve of the (vy, 7) reaction in carbon 
(Haslam 19526). If the assumption is made that nuclear absorption in oxygen 
occurs only into discrete levels, we might reasonably expect that carbon 
would respond in the same way. It is quite unlikely that the “detecting levels”’ 
in carbon would be coincident with the “absorbing levels’’ in oxygen if the 
levels are narrow compared to their separation. Consequently, the detector 
would not see any nuclear absorption and the experimental values of R would 
decrease smoothly with increasing energy owing to the decrease of electronic 
absorption coefficients for oxygen with increasing energy in the range con- 
sidered. In fact, calculations show that the expected values of R would follow 
closely the calculated electronic curve (dotted, A) for any assumption con- 
cerning the level structure of the detecting reaction consistent with activation 
curve measurement. [t is not certain that similar discontinuities occur in the 
activation curve of the (y,d) reaction in sulphur. If nuclear absorption in 
sulphur takes place only into discrete levels which do not occur at the same 
energies as the absorption levels in oxygen, a similar argument applies. The R 
value for electronic absorption using sulphur as a threshold detector, inde- 
pendent of detector response characteristics, is 5.33 at 20 Mev; a figure in good 
agreement with the value that would be obtained by extrapolating the elec- 
tronic curve based on smooth absorption. Again, since electronic coefficients 
decrease smoothly with increasing energy, R could not be larger than the 
value 5.33 on the assumption of narrow level absorption in the oxygen and 
sulphur. 

There might, of course, be some degree of overlapping of ‘‘absorbing’’ and 
“detecting” levels. The amount of nuclear effect shown by the detector would 
depend on the extent of overlapping. However, unless this were much larger 
than one would expect from the assumed width of the levels, the response of the 
detector into discrete levels would depress the experimental values of R. 
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However, Figs. 3 and 4 show that the experimental points do not lie below the 
theoretical curves calculated on the basis of smooth detector response. Thus 
we are led to the conclusion that considerable continuous nuclear absorption 


takes place. 


Oxygen Detector 

As seen in Fig. 5 the experimental results, which are shown with their 
probable errors, are for the most part in agreement with the solid curve, B, 
which is based on continuous absorption, and are definitely lower than the 
broken-line curve, D, which is calculated on assumed absorption into levels 
only, for both the (y, ”) and (vy, p) reactions. The experimental points up to 
22 Mev appear to agree with the center-line curve, C, and thus indicate 
partial contribution from level absorption ; however, in this region the accuracy 
of the experimental results does not allow a clear-cut decision as to which 
curve (solid or center-line) is in better agreement with experiment. Above 22 
Mev the experimental points deviate from the center-line curve, and follow 
the course of the solid curve, which represents continuous nuclear absorption. 


SUMMARY 

It was hoped that the measurement of absorption coefficients for X-rays by 
oxygen in the energy region 15-25 Mev would provide a sensitive test as to 
whether the nuclear part of the absorption takes place continuously over this 
energy region or into sharply defined energy levels. As a basis for calculation 
the level structure proposed by Penfold (1955) for the (y, 2) reaction in O'® 
has been used. The results of the experiments described here are not as clear-cut 
as might be desired. 

The values of the total nuclear absorption are well represented by summing 
up the (y, 2) and (y, p) cross-sectional values, with a giant resonance in the 
region between 21 and 25 Mev. This is the case for detectors of material other 
than oxygen, as well as for the oxygen detector. In view of the occurrence of 
sharp breaks in the activation curve for the (y, ”) reaction it is clear that a 
certain amount of photon absorption does take place into levels. But it seems 
certain that Penfold has over-estimated the integrated cross sections of the 
levels, or else that the levels are much lower and hence broader than he has 
suggested. This would correspond more and more nearly to the continuous 
case as the levels become broader. The best description of the absorption 
process appears to be continuous absorption on which is superimposed rela- 
tively small absorption peaks. The exact knowledge of the level structure of 
suitable detecting reactions, other than O'*(y, 2)O', would provide a better 
working basis for comparison of the experimental results with values predicted 
on the assumption of level absorption only. 

ACKNOWLEDGMENTS 
The authors wish to express their thanks to Dr. O. R. Skinner and Dr. 


L. Katz for helpful discussions. The assistance of Mr. S. B. Kowalski, Mr. 
J. L. Bergsteinsson, and Mr. J. P. Roalsvig is acknowledged with thanks. 





976 CANADIAN JOURNAL OF PHYSICS, VOL. 36, 1958 


One of the authors (A.K.M.S.) is indebted to the International Economic 
and Technical Cooperation Division of the Government of Canada for financial 
assistance in the form of a Colombo Plan award. 


REFERENCES 


Apams, G. D. 1948. Phys. Rev. 74, 1706. 

BERGSTEINSSON, J. L., Rosrinson, L. B., Stpp1g, A. K. M., Horstey, R. J., and HASLAM, 
R. N.H. 1958. Can. J. Phys. 36, 140. 

CoueEn, L., Mann, A. K., Patron, R. B., REIBEL, K., STEPHENS, W. E., and WINHOLD, E. J. 
1956. Phys. Rev. 104, 108. 

GrRopDsTEIN, G. R. W. 1957. N.B.S. Circular No. 583. 

HascaMm, R. N. H., Horstey, R. J., Jouns, H. E., and Rospinson, L. B. 1953. Can. J. 


Phys. 31, 636. 

HascaMm, R. N. H., Katz, L., Horstey, R. J., CAMERON, A. G. W., and MONTALBETTI, R. 
1952a. Phys. Rev. 87, 196A. 

HasiaM, R. N. H., Katz, L., Horsey, R. J., and CAMERon, A. G. W. 19526. Royal 
Society of Canada meeting. 

Hors -ey, R. J., HASLAM, R. N. H., and Jouns, H. E. 1952. Can. J. Phys. 30, 159. 

Jouansson, S. A. E. and ForKMAN, B. 1955. Phys. Rev. 99, 1031. 

Katz, L., Jouns, H. E., BAKER, R. G., Hastam, R. N. H., and Doucras, R. A. 195la. 
Phys. Rev. 82, 271. 

Katz, L. and PENFOLD, A. S. 1951b. Phys. Rev. 81, 815. 

PENFOLD, A. S. and Spicer, B. M. 1955. Phys. Rev. 100, 1377. 

STEPHENS, W. E. and Mann, A. K. 1955. Phys. Rev. 98, 839. 

Wacker, R.L. 1949. Phys. Rev. 76, 527. 

Wuite, G. R. 1952. N.B.S. Report No. 1003. 












NOTES 






CONTROL OF LINEAGE STRUCTURE IN ALUMINUM CRYSTALS 
GROWN FROM THE MELT 






Kk. T. Aust* AND B. CHALMERST 







During the growth of a metallic crystal from its melt, dislocations may 
align themselves into regular, continuous, straight arrays of low-angle boun- 
daries, as was observed by Teghtsoonian and Chalmers (1951, 1952). This 
structure, which is a macromosaic type of lineage, may result in misorienta- 
tions up to a few degrees in the ‘‘single crystal’. In the present note, a tech- 
nique is described for avoiding this form of lineage in melt-grown crystals by 
suitable control of the shape and rate of advance of the solid: liquid interface. 










EXPERIMENTAL 


Single crystals of aluminum were grown from the melt in argon atmosphere, 
in a horizontal graphite boat enclosed in a vycor tube, using the controlled 
solidification method described by Chalmers (1949). The shape of the solid: 
liquid interface was revealed by rapidly removing the liquid from the solid 
during freezing. If the crystal during growth is completely enclosed by a 
furnace coil which supplies the heat, the resulting shape of the solid: liquid 
interface is as shown in Fig. l(a). This shape is obtained with axial heat flow in 
the crystal and will be referred to as the ‘‘normal”’ interface shape. However, 
if the heat is supplied to the top surface of the horizontal crystal during 
solidification, by suitable disposition of the furnace coil, a solid: liquid interface 
shape, as shown in Fig. 1(), is obtained. This latter shape will be termed the 
“inclined” interface. 

Two grades of aluminum, reported to be 99.993 and 99.996% Al, were used 
as starting material. The dimensions of the polycrystalline blanks from which 
the crystals were grown were generally 5mm X5 mm in cross section and 
12-18 cm in length. Approximately twenty single crystals were grown having 
the interface shape shown in Fig. 1(a), and about twenty single crystals with the 
interface shape depicted in Fig. 1(). The rate of growth was varied from 0.5 
to about 25 mm/min. The extent of lineage was determined from X-ray Laue 
back-reflection and Berg—Barrett photographs as described by Barrett (1945), 
and from etching techniques. The etchant described by Metzger and Intrater 
(1954) was employed, since the reagent is reported to reveal subboundaries 
in aluminum with angles of tilt of only 5’ of arc or possibly less. 


























RESULTS AND DISCUSSION 


The results clearly indicated that the use of an “‘inclined”’ solid: liquid inter- 
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face at sufficiently slow rates of growth resulted in crystals free from the 
macromosaic lineage, which characterized those crystals grown with the 
“normal” interface shape. A rate of growth of about 2 mm/min or less for the 
99.996% Al, and approximately 0.5 mm/min for the 99.993% Al was required 
together with the inclined interface. For example, a crystal (99.996% Al) was 
grown at the rate of 2 mm/min under conditions such that an inclined interface 
was present during the growth of the first half of the crystal and a normal 
interface during the remainder of crystal growth. Lineage was found only in 
the region of the crystal which grew with the normal interface. It was also 
determined that lineage-free crystals having controlled orientations may be 
grown from seed crystals containing lineage by the inclined interface technique. 
For example, seed crystals, with and without lineage, were used to grow 
several crystals from the 99.996% Al, under conditions of inclined solid : liquid 
interface and at 2 mm/min. These crystals, which had a (111) growth axis 
and a {110} top surface, were found to be free from the macromosaic lineage. 
However, identically oriented crystals when grown with normal interface shape 
and at a rate of 2 mm/min displayed lineage. 

The previous work of Teghtsoonian and Chalmers (1951, 1952) indicated 
that lineage structure can be detected after an induction distance, and takes 
the form of continuous, straight, low-angle boundaries; they form normal 
to the solid: liquid interface at slow growth rates (approximately 1 mm/min). 
These factors have been utilized here to remove this type of substructure by 
adjusting the heat flow so that the advancing solid: liquid interface is inclined 
to the specimen or growth axis (Fig. 1(b)). In this way, the distance normal to 
the interface, from bottom to top of the crystal (about 1 cm in Fig. 1(b)), may 
be made shorter than the induction distance. Consequently, the lineage boun- 
daries do not form when the interface is inclined at slow growth rates. In 
addition, lineage boundaries already present in a seed crystal are forced to 
“run out” of the crystal. A slow rate of growth is required since the induction 
distance for the formation of lineage is greater for slowly grown crystals than 
for rapidly grown crystals, as was determined by Teghtsoonian and Chalmers 
(1951, 1952). For example, the induction distance of aluminum crystals 
(99.996%) increased from 0.5 to 4 cm as the rate of growth decreased from 8 
mm/min to 2 mm/min. 

A slow rate of growth is also important, since the work of Teghtsoonian and 
Chalmers (1951, 1952) and Atwater and Chalmers (1957) indicated that at 
high rates the lineage boundaries approach parallelism with a characteristic 
crystallographic direction and not with the axis of heat flow. This characteristic 
direction appears to be the same as that for dendritic growth, i.e., (100) for 
aluminum of the purity used in the present study. It was found that if a 
(100) direction is inclined favorably to the solid:liquid interface, i.e., a 
short direction in relation to the crystal dimensions, the lineage boundaries 
again ‘‘run out” of the crystal at fast rates of growth (approximately 25 
mm/min). 

The experimental observation that a slower rate of growth is required to 
remove lineage from the less pure aluminum by the inclined interface method 
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Fic. 1. Shape of (a) ‘‘normal™ and (6) ‘“‘inclined” solid: liquid interfaces, after removing 
the liquid, in aluminum crystals. X 2%. 





Fic. 2. Berg-Barrett X-ray photograph of an aluminum (99.996°%) crystal grown with 
inclined interface at 0.56 mm/min. X 20. 
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may be explained in a similar manner. Atwater and Chalmers (1957) found 
that for tin and lead crystals grown with constant orientation and growth 
rate, the direction of lineage boundaries became more closely aligned with the 
“dendrite” direction with increasing impurity content. The impurity con- 
centration at the solid:liquid interface is probably higher in the 99.993% Al 
than in the 99.996% Al. Consequently, the attempt to control lineage by a 
thermal method, i.e., an inclined interface, may be again opposed by a crystal- 
lographic condition arising from impurities, similar to the effect of rate of 
growth previously discussed. The parameters of freezing, namely the rate of 
advance of the interface and the concentration of impurity in the melt, are 
interrelated; e.g., an increase in either may lead to increased constitutional 
supercooling. Therefore, the effect of impurity on the direction of formation 
of the lineage would be expected to be less at slower rates of growth. 

The inclined interface method for avoiding lineage may only be applicable 
to the type of lineage described by Teghtsoonian and Chalmers (1951, 1952), 
which grows in a straight, continuous manner, normal to the solid: liquid 
interface (at slow growth rates). For instance, Berg—Barrett X-ray photographs 
clearly revealed the absence of such subboundaries, although several irregular 
subboundaries with misorientations less than a few minutes of arc are evident 
(Fig. 2). Atwater and Chalmers (1957) found that the subboundaries were 
non-straight and non-continuous in tin crystals of 99.998% purity grown 
from the melt. These subboundaries could be made to grow with increasing 
uniformity with increasing impurity additions, e.g., 0.0003 to 0.006 wt % 
of lead to tin. Rutter (1957) has also observed irregular subboundaries in 
zone-refined lead and tin crystals. It appears, therefore, when the impurity 
content becomes very low that the subboundaries no longer form in a unidirec- 
tional manner. The experiments of Rutter and Aust (1958) have shown that 
this irregular ‘‘macromosaic’”’ structure in high purity metal crystals may be 
removed by the migration of a grain boundary which is motivated by the 
substructure itself. The latter method is restricted, however, to high purity 
crystals where sufficient grain boundary mobility exists under a small driving 
force. 


SUMMARY 
The formation of regular, continuous, straight, low-angle boundaries 
(striations) during freezing of a metallic crystal may be avoided by inclination 
of the advancing solid:liquid interface with respect to the direction of 
freezing. 
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FILAMENTARY GROWTH IN IRRADIATED URANIUM! 
W. M. Barss,? Z. S. BAsINSKI,? AND F. R. N. NABARRO‘ 


Uranium metal fuel elements sometimes break as a result of embrittlement 
and the recurrent thermal stresses to which they are subjected in a nuclear 
reactor. When the breakage occurs as a transverse fracture of the uranium, 
without failure of its ductile protective sheath, subsequent thermal cycles 
may cause the broken ends to separate. The resulting gap, which might be 
expected to contain only volatile fission products, sometimes contains dense 
filaments, of lengths up to 5 cm, projecting from the uranium. 

Fig. 1 shows two views of filaments attached to the lower piece of uranium 
in a broken NRX rod. The views are at right angles to the length of the rod 
and to each other. The pictures are radiographs, taken by a special technique 
to overcome the effects of radiation from the uranium itself, and printed so 
that the uranium appears dark. The filaments project upwards from the lower 
piece of uranium and are estimated to be 0.3 to 1.0 mm thick. Filaments have 
not been noted on the upper piece of this or any other rod. 

Since the filaments apparently occur on one surface alone they presumably 
grow as whiskers, rather than being drawn out in tension as the two surfaces 
separate. A whisker mechanism of growth is favored by the brittleness of 
irradiated uranium (Konobeevsky ef al. 1956). Also, it is known (Baker and 
Koehler 1956) that a whisker may be much longer than the diameter of 
grains in the substrate. We discuss some reasons for believing that the purely 
thermal and mechanical conditions in the fuel element will not account for such 
large whiskers, but that the vacancies or interstitial atoms produced by 
irradiation may stimulate an adequate rate of whisker growth. 

On the other hand, the ductile formation of filaments cannot be excluded 
with certainty. Roberts and Cottrell (1956) have shown that uranium, while 
being irradiated, has mechanical properties similar to those of pitch, in that it 
is brittle under rapid loading but behaves as a Newtonian viscous fluid under 
very small steady loads. Therefore, we also discuss the conditions required 
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Fic. 1. Two radiographs, taken at right angles to each other, showing filaments on the 
free surface of a fractured uranium rod inside a thin aluminum sheath. The scale marks are one 
inch apart. 
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to produce filaments of this size by a creep mechanism. Unfortunately, it is 
impossible to tell, at present, whether the growths are polycrystalline, as 
required for ductile formation, or monocrystalline, as required by the theories 
of whisker growth. 

According to the mechanism of Peach (1952), the whisker might grow from a 
continuous inserted sheet of atoms bounded by a dislocation. However, a 
whisker 0.5 mm in diameter and 5 cm long contains about 5X10” atoms 
which would occupy an area of about 5X 10® cm? in a monatomic layer. This 
mechanism is therefore incapable of accounting for whiskers of the observed 
size. 

It appears more likely that whisker growth involves a dislocation source of 
the type suggested by Frank (1953) or of the type suggested by Eshelby (1953). 
In either case the source acts as a pump, driven by alternating thermal 
stresses in the metal. On the forward stroke the dislocation climbs down, 
ejecting a fresh length of whisker and emitting vacancies which diffuse to the 
surface. On the back stroke there is no appreciable shortening of the whisker 
because the dislocation is unable to climb up equally rapidly by the absorption 
of vacancies or the emission of interstitial atoms. (We use the phrase ‘‘climb 
up” to indicate the motion of an edge dislocation in which the inserted half 
plane decreases in area, and “‘climb down”’ for the opposite process, having in 
mind the conventional representation of an edge dislocation.) 

There are two reasons why the rate of climb is less on the back stroke than 
on the forward stroke: 

(1) Vacancies can be absorbed at a rate that is limited by their equilibrium 
concentration and diffusion rate but can be emitted more freely. 

(2) The rates of emission of interstitial atoms and of vacancies affect the 
climb of dislocations in almost the same proportions as they contribute to the 
self-diffusion coefficient (Nabarro 1957). Self-diffusion in alpha-uranium occurs 
principally by the migration of vacancies, rather than interstitial atoms (Pugh 
1956a). It follows that interstitial atoms will not be emitted as rapidly as 
vacancies under an equal and opposite stress. 

The dominant factors in whisker growth are therefore assumed to be the 
rates of emission and diffusion of vacancies. 

Purely thermal activation will probably not account for the observed 
whisker growth because the activation energy for self-diffusion in uranium 
is too high, 62.7 keal. (Pugh 1956.) At 200°C, the estimated operating 
temperature where the growth occurs, this energy is equivalent to 67R7. The 
frequency with which a normal atomic site is visited by a vacancy is, therefore, 
only about 10'%e-* = 10~'* sec~!. This means that a whisker might elongate 
by one atomic layer in times of the order of 10'* sec, an unreasonably long time. 

Irradiation may be expected to increase the rate of whisker growth; possibly 
by virtue of the intense local heating at fission sites, ‘thermal spikes,’’ but 
more likely by producing numerous interstitial atoms, along with an equal 
number of vacancies. If the dislocations absorb one type of imperfection pre- 
ferentially, the difference in mobility of the two types may affect the rate of 
operation of the source that generates the whisker. There is not yet enough 
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detailed information on the behavior of imperfections in uranium to permit 
a quantitative calculation, but the following arguments seem capable of 
accounting for the observed whiskers. 

Thermal cycling, under the conditions existing in a broken NRX rod, will 
produce both hydrostatic and shear stresses approximately equal to the yield 
strength of the uranium. At 200° C, the maximum hydrostatic stress cannot 
make a dislocation climb but the maximum shear stress can make it glide. 
A whisker-producing dislocation must contain jogs that emit vacancies or 
interstitial atoms as the dislocation glides. Vacancies, having a lower energy of 
formation, are emitted more readily than interstitial atoms. These vacancies 
are not very mobile and, as they accumulate around the source that emits 
them, they oppose its motion. Irradiation provides interstitial atoms through- 
out the metal. Because of their much higher mobility, a large number of 
these atoms can be effective in annihilating the accumulated vacancies 
and thus increasing the rate of whisker growth. The whiskers will grow where 
the stresses cause a forward stroke of the source while the reactor is operating ; 
i.e., When the motion of the source is enhanced by the low energy of formation 
for vacancies and the high mobility of interstitial atoms. The source makes 
its back stroke when the reactor is shut down; i.e., without benefit of the im- 
perfections produced by irradiation. The coupled effects of irradiation and 
thermal stresses may be sufficient to account for the growth of whiskers of the 
size observed. 

The ductile formation of filaments has been considered as a possible alterna- 
tive to the growth of whiskers as described above. It is based on the obser- 
vation of Roberts and Cottrell (1956) that the rate of transient creep in 
uranium under irradiation increases less than linearly with stress, while the 
rate of steady-state creep increases more than linearly with stress. Since it is 
known (Orowan 1949) that a Newtonian fluid (in which strain is proportional 
to stress) will just draw stably to a filament, it follows that stable filaments 
could be drawn under transient conditions of irradiation but not under steady 
conditions where the growth would soon terminate by necking. 

At the highest stress they used, Roberts and Cottrell found a creep rate of 
twice the elastic deflection each week. If we assume that the filaments were 
under a stress equal to the ultimate tensile strength of uranium, about 5X 108 
dyne cm~’, leading to an elastic strain of about 3X 107%, and if we assume that 
the Newtonian viscosity observed at low stresses will give the creep rate at 
high stresses correctly in order of magnitude, we obtain a maximum creep 
rate of 6X10-* per week, or about 0.3 per year, for uranium irradiated in 
BEPO. The thermal neutron flux in BEPO in the experiments of Roberts 
and Cottrell was about 1.3 10-" cm~ sec—!, while the flux in a fuel element 
in NRX is about 2.7 X10" cm~ sec. It is likely that the creep rate will be 
approximately proportional to the flux, so that a strain of 7 per year can 
be expected in NRX. This is of the order required to produce the observed 
filaments. 

In favor of the view that the filaments have been pulled out in tension is the 
fact that they are mainly observed near the outer edges of the broken surfaces 
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and not near the center, where one might expect to find hydrostatic stresses 
which would lead to the extrusion of whiskers. Against this view is the argu- 
ment that if the elongation of the filaments begins under conditions where the 
strain rate increases more rapidly than the stress, the filaments will neck and 
break, while if the strain rate increases less rapidly than the stress it is unlikely 
that filaments as long as 5 cm could be produced within a year. In addition 
the strain rate for “drawing out’’ mechanism will only be adequate if the 
broken ends separate at a reasonably uniform rate. This last condition is 
almost certainly not satisfied, since the separation is expected to increase when 
the reactor power falls, and decrease by a slightly smaller amount as the 
power rises again. The maximum rate of separation may thus be several 
orders of magnitude larger than the average rate; and the creep mechanism 
may be too slow to enable the filaments to be drawn. The fact that the filaments 
are not observed at both ends of the gap also argues against the creep 
mechanism, since it would be difficult to explain why they should all break 
at one end. 

A clear decision as to whether such growths are fibers or whiskers could be 
obtained by examination of their structure. The creep mechanism of Roberts 
and Cottrell can operate only in polycrystalline materials, whereas whiskers 
are necessarily single crystals. 
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THE HALF-LIFE OF Na*! 


P. J. CAMPION AND JANET S. MERRITT 


In a recent investigation of the corrections applicable to 448 —y coincidence 
counting (Campion 1957), it was necessary to know the half-life of Na** to 
better than 0.1%. The most precise measurement of this quantity reported 
in the literature is that of Lockett and Thomas (1953), who obtained 15.00+0.03 
hours and 14.97+0.01 hours for the decay of two sources, giving a weighted 
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mean of 14.97+0.01 hours.* This result is in fair agreement with the value 
of 14.90+0.05 hours obtained by Tobailem (1955), who followed the decay 
of two sources for 10 hours. Earlier reported values for this half-life are 
15.0+0.1 hours (Sinclair and Holloway 1951), 15.06+0.039 hours (Sreb 1951), 
15.04+0.1 hours (Solomon 1950), and 14.96+0.1 hours (Wilson and Bishop 
1949; see also Sreb 1951). Chemical purification of the sodium after irradiation 
is not mentioned in any of the determinations reported to date except in that 
due to Solomon (1950), who, however, assumed that there was negligible 
dead time associated with his counting system. Although the intrinsic dead 
time of a proportional counter can be very small it is difficult to construct an 
amplifier—discriminator unit which has a resolving time of less than 2 usec. 
Such a value would cause a loss of about 0.5% at the highest activities recorded 
by Solomon. 

With the currently available ion exchange techniques it was felt that sources 
of Na*™ could be prepared which were entirely free of all contaminant activities. 
Accordingly samples of “‘spec-pure’’ sodium carbonate were sealed in quartz 
tubes and irradiated in the NRX reactor for 20 hours. The sodium carbonate 
was dissolved in very dilute hydrochloric acid, absorbed on Dowex-50, and 
eluted with 0.7 N hydrochloric acid. This technique, described by Beaukenkamp 
and Rieman (1950), separates sodium and potassium from each other and from 
all other cationic contaminants. Two separate irradiations were made, from 
which a total of eight sources were prepared, by enclosing the sodium chloride 
between two gold-coated plastic films of superficial density 40 ug/cm*. The 


use of the sandwich technique prevented possible loss of active material from 


the sources. 

These sources were counted in a 4m beta proportional flow type counter 
using methane gas: The external gain was provided by a non-linear non- 
overloading amplifier of a type which is in general use in this laboratory. The 
counter potential was supplied from a chopper stabilized power unit using a 
standard cell as the reference voltage. The curve of counting rate against 
counter potential showed plateaux 200 v long and having a slope of less than 
0.2% per 100 v. A measurement of the activity consisted in noting the counting 
rate at two or more different counter potentials to ensure that the observations 
were made on the counting rate plateau. These readings were corrected for 
decay during the counting period, for dead time losses, and for background. A 
half-life of 14.97 hours was assumed for the decay during the counting period. 

The timing relied on the 110 v a-c. line frequency and the ability of an 
observer to switch off a scaler manually after a given interval. In an experiment 
to observe the variation of the 110 v a-c. line frequency, continuous measure- 
ments were made using a pulse generator synchronized to this frequency and 
a counting rate meter together with a strip chart recorder. About 97% of the 
voltage output of the counting rate meter was biased off by the use of mercury 
cells in order to expand the scale. The sensitivity of the apparatus was tested 
against a General Electric electrodynamic frequency meter. The measurements 


*This is the internal error of the two measurements; it was doubled to give the final value, 
14.97 +0.02 hours. The external error, however, amounts to +0.03 hours. 
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were carried out in a temperature controlled room and with a stabilized mains 
supply. The results indicated that the average frequency differed from 60 
cycles/sec by less than 0.1% over periods of time comparable with those 
taken for counting observations. The human error involved in switching off 
a scaler after a given time interval was estimated by the use of a crystal- 
controlled megacycle frequency standard to be less than 0.1% over a 200- 
second interval, which was the shortest counting period used. The error for 
longer periods was proportionately less. 

By observing the counting rates at 10 and again at 176 half-lives after 
the last point on the decay curves of two samples selected at random, the 
activity of any long-lived impurity was found to be less than 10~‘ of that for 
the last point. A further check was provided by dividing the time over which 
the decay of each source was observed in two and calculating the half-lives 
for both parts. In all cases the two partial half-lives agreed with that calculated 
from the full data within the experimental errors, and no significant trend 
was detected. 

The dead time of the counting system was measured by the use of a double 
pulse generator having a continuously variable spacing between the two pulses, 
and also by the paired source technique. The first method gave dead times 
which depended somewhat on the relative heights of the two pulses. However, 
by making these heights equal and observing the dead time as a function of 
this height, a constant value was obtained over two orders of magnitude of 
the pulse height. The average value obtained using an oscilloscope sweep to 
measure the time interval was 2.9+0.1 usec. The dead time observed by this 
method was independent of the repetition rate of the pulse generator over 
the available range, i.e. 1 to 10 kc/sec. The paired source technique is perhaps 
more realistic but since it involves the difference of two large rates good 
statistics are necessary. The value obtained by this method using two sources 
of about 4000 c.p.s. each was 2.8+0.1 usec, in good agreement with that 
found by the double pulse method. The dead time was shown to be very 
nearly ‘‘non-extendable” by the use of a triple pulse generator. 

Each point was assigned an internal error formed by combining in quadra- 
ture the statistical counting error, the error due to possible fluctuations in 


TABLE I 
SUMMARY OF THE HALF-LIFE DETERMINATIONS 








Internal External 








No. of 
Source No. of — half-lives Half-life, error, error, 
No. points followed hours hours hours 
1 14 6 14.952 0.007 0.007 
2 15 8 14.960 0.005 0.010 
3 13 6 14.965 0.006 0.007 
4 18 3 14.950 0.004 0.003 
5 16 3 14.959 0.006 0.004 
6 9 5 14.964 0.006 0.008 
7 10 5 14.969 0.006 0.005 
8 10 5 14.967 0.006 0.007 


Weighted average: 14.959 0.002 0.003 
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the mains frequency, the human timing error, and the error caused by uncer- 
tainties in the background correction. As a check against gross observational 
mistakes the data were first plotted on semilogarithmic paper. The half-life 
of each source was then calculated according to the method of least squares, 
each point being weighted by the reciprocal of the square of the assigned 
error. The results of this computation are summarized in Table I, where 
columns five and six list the internal and external (least squares) errors 
respectively as calculated from the above mentioned (statistical) errors only. 
In each case the larger of the two errors quoted in Table I has been used to 
calculate the weighted mean value, 14.959 hours, of the eight determinations. 
The internal and external errors of this mean are 0.002 and 0.003 hours 
respectively and the larger of these was accepted as the final statistical error. 
In order to determine the systematic error due to the uncertainty in the dead 
time the half-life was recalculated using a dead time differing from the 
accepted value by the estimated uncertainty, but with the same statistical 
errors as before. This yielded a difference in the weighted mean half-life of 
0.007 hours. Other systematic errors such as those arising from the possible 
deliquescence of the source and change in geometry of the source-sandwich 
were considered to be negligible. Since the known systematic error is random 
with respect to the final statistical error it is added in quadrature with the 
latter giving 0.007 hours. This quantity is then increased to allow for any 
undetected systematic error to give the final value of 14.959+0.010 hours for 
the half-life of Na**. 


We should like to thank Mr. J. G. V. Taylor for making the measurements 
of the 110 v a-c. line frequency variation and Dr. J. M. Kennedy and Mrs. 
E. A. Okazaki for programing the Chalk River Datatron upon which the 
computations were carried out. 
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ATOMIC MASSES OF Kr™*, Kr*5, Xe'?°, Xe!®, Hg?, Hg?"', and Hg?" ! 
Joun T. Kerr? AnD Henry E. DuckwortH 


We have recently determined, with a large semicircular mass spectrometer 
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(Duckworth, Kerr, and Bainbridge 1958), the masses of Kr*, Kr3*, Xe!?9, 
Xe!®, Hg???, Hg?! and Hg?%. These mass values can be combined with other 
existing atomic mass information to compute mass values for the remaining 
stable isotopes of mercury. 

In these experiments the ions were detected with an electron multiplier. 
The rapid response and high gain of this detector make it possible, when the 
ion energy is 60-cycle, a-c.-modulated, to present the mass spectral peaks on 
an oscilloscope screen. When a particular ion group is centered on the collector 
slit, a distinctive double-peak pattern (Kerr, Bainbridge, Dewdney, and 
Duckworth 1958) is observed on the screen. In this way the mass spectral 
peak corresponding to a given ion group can be accurately “‘located”’. 

As usual, the atomic mass differences were obtained by the doublet method. 
The doublet spacings were determined by measuring the change in ion energy 
(i.e., accelerating voltage) necessary to shift from detecting one doublet 
member to detecting the other. The following mass difference values were 
found: 








Doublet AM in millimass units 
N.O-CO, 11.244+10 
CO, Xe! 21.762+20 

CH.CI*-Kr* 41.849+33 
CHCI®F.-Kr** 62.733-449 
1Xe291Krs6 12.969+17 
PHy?—COCI=C 17 54.196438 
1Hy?0l_1X els 37.173431 
LHe? _COCIY 60.127+45 


The first datum given above is to be compared with 11.2355+6 mmu 
(Scolman, Quisenberry, and Nier 1956). The second of the above data leads 
to the mass value Xe = 131.94616+6 amu, in good agreement with the 
accurate Minnesota value (Johnson and Nier 1957) of 131.946115+9 amu. 
These concordances are taken as evidence that, despite the unorthodoxy of 
employing a single-, rather than a double-focusing mass spectrometer, the 
method that we have emploved is free from serious systematic error. 

The third, fourth, and fifth mass differences given above lead to the following 
improved atomic mass values: Kr = 83.93820+3 amu (83.93819+5 amu), 
Kr5® = 85.93808+5 amu (85.93810+7 amu), and Ne?? = 128.94603+9 amu 
(128.94570+11 amu). The values in parentheses are “best’’ values based on 
all previous work (Duckworth 1957). 

The remaining mass differences not only provide the means of calculating 
masses for three of the stable isotopes of mercury but, when combined with 
other information, lead to mass values for Hg!*®, Hg!**, Hg!’, and Hg? 
as well. The “other” information required is Hg!**-Hg!** = 1.00182+6 
amu, Hy?""-Hg!*? = 1.00031+6 amu, Hg?!'—Hg??? = 1.0022646 amu, and 
Hg?—H 20! 1.00064+6 amu (Johnson and Bhanot 1957); Au!*®-Hg!"6 
0.70+0.02 Mev, and Au!**-Hg!* = 1.373+0.002 Mev (Lidofsky 1957); the 
Q's of the Au!*? (y, 2) and Au!” (d, p) reactions are —7.96+0.07 Mev (Chidley, 
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Katz, and Kowalski 1958) and 4.12+0.15 Mev (Van Patter and Whaling 
1954), respectively. The resulting atomic mass values are the following: 


Hg! = 196.02726+23 amu 
Hg'® = 198.02914+12 amu 
Hg!** = 199.03096+10 amu 
= 200.03127+ 8 amu 
Hg?” = 201.03351+12 amu 
Hg?” = 202.03415+14 amu 
Hg?™ = 204.038514+ 9 amu 


—o 

ye 
to 
eo 
S 
| 


These values, together with Nier’s (1950) isotopic constitution of mercury, 
give a chemical atomic weight of 200.604. The International value is 200.61. 
The only previous mass value for any of the isotopes of mercury was an 
early one given by Aston (1927), namely, Hg?®® = 200.034. 

It is also possible, by making use of the mass differences among the heavy 
elements compiled by Huizenga (1955), to calculate from Hg? the masses 
of all of the heavier stable nuclides. This calculation suggests that the currently 
accepted mass values for this group are 1-2 Mev too low. For this reason, 
work is now under way in this laboratory to re-determine the atomic masses 
of some of the isotopes of lead. 
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